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\HSTK.\CT 
The tactical implications of submarine acoustic radiat:on and UNDEX-survivahill ty 
have mot;vated the development 01 illl advanced machinery cradle which wi ll provide shock 
and vibration isolation of the suhmarine internals, thereby minim izing the resulting acoustic 
radiation. The cradle space frJ. me mml be designed and optimized for both minimum 
shock/vihration bi-directional transmissihility and mini mum total crddle weight. Frt!l.juency 
domain structural synthesis (structural modification and substructure coupling), is applied 
to the cradle design. The method addresses static and complex dYllamic problems in 
structural design analysis. and aUows the direct analytic treatment of specialized equipmen t 
such as frequency-dependent visco-elastic isolators. 
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L INTRODl iC TTOI\' 
The design or complex str.1C!mal dynamic systerr:s requires lhe buiitling of dela ' led 
mathematical models with which to predict static and dynamic response. Most corr,moll!Y. 
the finite elemenllFE) method is used to generate sffilCture system matrices with which 
dynamiC response can be calculated. While the FE rm:thod currently provides the beSt 
means of predicting response for complex stmctuJ<lI systems. the time required to assemble 
tile system matrict:") and to process them for tIle calcu lation of dynamiC response can be 
prohibitive. Therefore. the lISC of the FE method ior perfonning design analyses often 
prlXludes the perfonnance of Tlllrm:rOliS design analyses in the search for an optima) 
design. This is especially true when a FE based analysis is to be used in conjunction witll 
advanced design techniques such as optimization. The iterative process of modeling the 
system and ;malYzlng the model to determine the system performance is the design-analysis 
cycle. 
rhe traditional design·analysis cycle consists of the following process. A designer 
builds a FE mode l which best represents the system. The system model is the complete 
system structure, for example, a submarine hull and an intt:rnal machinl'ry suppon cradle is 
modeled as one structure. The definition of the FE mCK!cl )iclds system matrices. which 
include stiffness, mas.'i, and less commonly damping. The numerical generation of I.he 
system matrices is referred to as the assembly phase. At this point, loads are applied and 
responses, stalic and/or dynamic. are calculated. The calculation of system response is 
referred to as the solution phase. The responses are then used to calculate stresses and 
strains in the model. These calculations are referred 10 as the post-proceSSing phase. The 
solution phase is the most costly in terms of time and computing resources. 
Based on The acccptabili,y of the displacements. stresses. and Slrains calculated. ,l1e 
design or 'iystem model may have to be changed in the interest of improving the response 
characteristics of the initial or follow on design. For example. a high stress which i'i 
Ilnacceptable may exist at a cenain location in the design. The designer decides that if a 
pamcular alteration is made to the design, the stress response will become with in tolerable 
levels. Traditionally. This alteration requires a repeat of the assembly. solution. and post-
processing phase of thc analysis. a cost and time intensive procedure which limits the 
number of design rc-analyses that can be accomplished. Since the re-analysis is time 
consuming. the optimal design is abandoned for a final design which is less than optimal. 
Therefore, with the intent of accelerating the design process and lowering the attendant 
costs. new methodologies for assembling and modifying system models is presented. The 
new method replaces all three of the FE analysis phases with a single computationally 
efficient calculation. The method to be described herein, generally referred to as frequency 
domain structural synthesis [Refs. 1.2.31, is directed specifically at drastically reducing the 
lime required to perform a design analysis cycle, This capability for rapid re-analysis makes 
stnlClural synthesis ideal for use in advanced automate<! design environments. such as in 
conjunction with oprimizariml codes. 
II. H NITE EI.EMENT FOKMn.AlION 
The li ni te element method used IDr companson wnh the 'iolut ioJl ohclined rmm 
frequency ctom~i n structural sy nthesis is based on Lagrange's equ~tion of motion I Ref. j 1 
Various types of clements an: used in modeling oi structural systems. Including ro r 
example. pl ~te. shell. and beam elements. Our discussion will be limited to beam clements 
e:.:perlencing combined bendi ng ane axial deform~tions . We are using beam elements to 
demonstrate the methodology because the beam element ~lIows for ~ manageable system of 
tx[uat ions and matrices thaI are eaSily handled by a personal computer. The theory remains 
valid for al l types of elements and is unatfected by the complexity of shell or plate 
elements. Beam elements that are subjecT to bending and axial deformation have three Joint 
displacements at each end of the beam element. The beam element has six generJ..i ized 
coord inates and six degrees of freedom (DOF). which yie lds a mass. sti ffnes s. and 
damping matrix for the beam dement of size (6 x 6). The beam clement is shown in 
Figure 1 
Figure 1. Beam Element wi th Coordinate amI Nodal Orientation 
Each node has a set of coordinaTes, axial (xl, laTeral (y) , and rotational (6 ), however 
eh::mcnts are not limited to three DOF. Element 'i ean be modded with six DOF per node 
T~H:: derival10n presented in refercncel41 assumes lIlat the axial forces associated with the 
axial Joint displacements (x) have only a negligible effect on the shape functions associated 
with the joint displacements (y) and (8 ) . With this assumption the mass and stiffness 
matrices are derived. 
The elemental stiffness and mass matrices are 
where the terms E is Young's Modulus, [is the area moment of inertia. I is the elemental 
beam length in inches. y is the weight density, and r is the radius of gyration. The 
elemental matrices are panitioneti in the following way: 
~ l 
The damping matrix is usually impossible to determine analytically and is typic.ally 
determined experimentally. Here damping is applied to the system model by one of three 
ways. The three methods generally use<! are: 
Type (1): Proportional structural damping of the form: 
(I) 
T~ pc (21: Proportonal Vl~OUS damplllg of the form' 
Typc : 3', Freq ucncy·dependt:nt 'il:;COUS damping of the (arm 
Type (I) damping IS used in adding damping 10 structural eiernents. and Types (2) and (3) 
are used in adding damping to vibration isolators which an: a combination of springs and 
dampcrs: addwg proportional damp ing to just the i>oIal0r5 eonstinJIes non-proponional 
damping for the whole structure. 
The equatiOfl of motion of these fmite dements can be written in tcrms of their ioint 
displacements as 
where (u,) , '" axial, lateral , or angll iar joint displacements 
[mL = mass matrix. of element 
le t = damping matrix. of element 
Ik], = stiffness matrix. of element 
Lt;) , '" joint forces and moments 
(4-) 
Since the clements vary in orientation with respect 10 the system axis, the elemental 
mas~ and stiffness matrices must be transfonned into global coordinate,. The 
transformation of the damping matrix is neglected. since the elemental damping matrix is 
modeled as a function of the transfonned elemental mass and stiffness matrix.. A method 
for relating local joint displacements of each element to the global system displacements 
must be incorporated. This method is reft:rred to as a coord inate transformation. The 
elemental mass and stiffness matrices after transformation are In the (ol iowing form 
[Ref. 41. 
14US' + 156C' 
4/' 
iOS'''' 54C' 13/( 
Noting that· 
I '" elemental beam length in inches 
E "" Young's modules in psi 
I = Area Moment of Inertia in m' 
r = radius of gyration in inches 
-Jl! 
y == mass density per unit length in In· Jl I in' 
C=cosa 
S == sin a 
70C~ + 545) 
70S' +54C: 
14OC' ~156S2 
Once the finite clement, arc transformed to globa. coordinates. the elements are 
assembled to gen(;! rate the global mass. stiffness. and darnp!ng matrices. The equat io:l ot 
mot;on fo r the modeled system in global coordinates is 
where [/I f = axial. lateral . or angular global joint displacements 
I M I '" global mass matrix 
lel= global dampi ng matrix 
[K ]"" global stiifness matrix 
IFf '" global JOint iorces and moments 
The following example v.i ll demonstra te how the global mass and stiffness matrices are 
generated. Consider the structural system modeled with two hcam elements and havir.g no 
boundary conditions shown in Figure 2. 
1.2 .3 
I 
4 .5,6 7.8.9 
I 
Figure 2. A Beam Modeled Using Two Elements 
For tltisexample 7- =l.Olbslin. &=1.0 lb·/. ! = 1.0 in and ["' 1.0 in .. SinlC the 
beam dements lie hori1.Ontaily along the x ax is, the angle a = O. The global mass and 
stiffness matrices are generated from the assembly afthe elemental matrices. The elemental 
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Referring to Figure:::. the lower bold type numerals represent the node numbering and the 
llppcr numbers represent the beam nodal coordinates. Coordinates 1. 2. J. 4. 5. 6. 7. 8. 
and 9 are respectively XL' r, .8: .x" .1':,8; .x,. v,. and 8, . Remembering how the matrices are 
partitioned and noting that coordinates 4, 5 and 6 of beam clement ) are the same 
coordinates of beam clement 2 and thus are shared. The t\I,·o elemental matrices are 
assembled together through the shared coordinate~. figure J shows the beam clement 
arrangements. 
Figure 3. Beam Elements ..... ith Node and Glohal Nodal Coordinate Numbering 
For discussion purposes only, the stiffness matrices will be demonstrated, since the 
mass and damping matrices are generated in the same manner. The elemental stiffness 
matrices are in the following fonn. 
llie .'Tlatrices are cor.1ined addi:',C:: snared nr:xlil.l coordinaces. llllS rro.:t:s, is 
detem:ned bv tht: element Figure 3 ShO'AS ll:al e,ement. I is coupler1 to 
element:: through global nodal coordinate, .. J., 5 and 6, These gJobai C()orcina:e<; are the 
combinal;on 01 lo.:aI coorcmates x, . . \-" 5, ot- element _ and .t,. f1 of element 2. TI:e 
rcsllltir~g: ma:]':x is a (9x91 global matrix represer.Tect by . KI, The sile of tht: ,global matrix 
:~ :Ile m.mber of nixies time, lhe OOF. The g,obal slittnt:ss matrix I k I is srown be.ow 
with tht: numbers installed. take special note to the sharl~d coordinates whic~l are add!Tivc. 
:~ ~ 1 
o " 
iKJ- n 
The shared c(X)Tctinates are demon'itrated hy looking at the 3xJ partition, rows 4 through 6 
and columns 4 through 6. After the global matrix is generated, the boundary conditions are 
applied. Boundary conditions are detennined by coordinate restraints. If a coordinate is 
restrained then the row and column COTR'Sponding to that coordinate are deleted. fur 
example. if in figure 2. the left end had been fixed, displacements for global coordinates I. 
2. and the slope of cuonlinat:e 3 are zero, and therefore the rows and columns 
corresponding to these coordinates would he deleted resulting in a (fix:6) I KJ matn". 
The Ue:rivatioo of the equation for a s.ccand order linear structural system des.cribed in 
the frequency domain is presented helow, The differential equation of motion for a second 
order linear ,tructural system is written as 
mi+cx-+kx w F si nOr. 
The sollaion to equation (ti), which is the total system response is 
(71 
where X, is the real or homogeneous solution and X, is the panicular solur.on . We 
consider only steady state hannonic excitation. therefore the particular solution i'i used ~s 
the total solution. The solution is assumed to have the form 
(8) 
Taking the flrst and second derivatives of X and substituting into equation (6) yields 
( -02mX + j!kX +kX)r)flt _ PePi (9) 
Dividing both sides by eftl< and rearranging equation (9) gives the equation of motion a~ 
(k-O'm-+jQc)X=F. (10) 
Writing equation (10) in matrix form gives the equation for second order linear 
structurd.! systems described in the frequency domain. 
11K] - n'IM], Aqnl l]lxl - I PI 
10 
where the vector !,t l is the <oC t of generali zed respon'it'S In the global coordinate sy~tem. 
The vector !F I contains generalized global torces and moments. (KI and 1M] are 
symmemc. real valued and of order n. The damping matrix. [0 n 1] is In general. frequency 
dependent. bUI here IS modeled as a l inear proportional combmatlon 01 the mass and 
stiffness matnces. EquatIOn (6 ) IS general ly wrinen in compact form as 
[ZIO '[(xl - IFI rJ ::! ) 
where the matrix [2(0)1 is cal led the system impedance matrix. Equation (12) is the system 
impedance relationship and represents the dynamic response of the system. The impedance 
matrix IS the dynamic stiffness of the system. The stalic case is when n • 0 and then the 
system impedance matrix. is just the stiffness matrix [K I. 
The impedanre matrix lor the assembled beam (Figure 2) is 
[Z I - [K[ -O'[M[. (1 3) 
Equation (13) is reduced because damping [C(O)[ is neglected in this example. [Z(fl)[ is 
calculated over the ~uency band of interest, where 0 is the freq uency band of interest in 
rad/sec. 
The freq uency response function (FRF) matrix for the assembled beam is 
[H(O )[ - [l(O )[, (1 4) 
II 
The FRF mauix allows the calculation of the steady state harmonic response amplitude I XI 
resulting from a harmonic ~orce ampli tude (Fj. The frequency response relation is 
determined by matrix inversion o f equation (12). which yields 
liS ) 
Any element H J of the frequency response matrix i ~ defined as the dynamic response of 
motion coordinate i due to a uni t harmonic gentT.lli.zed force act ing on motion coordinate j. 
The FRF matrix can be used to represent information about displacements. velocities. 
acceleration s, stress, or strains. For example, if a structure is excited at nodal coordinate 5. 
then H" is the complex amplitude of the response at nodal coonlinatc I due to a unit 
harmonic excitation at no<laJ coordinate 5 at :;orne frt~quency n of interest. 
A typical frequency response function plot is shown in Figure 4. The peaks shown in 
Fi gure 4 occur at the frequency of peak response. The relationship between the natural 
undamped frequency , the damped natural frequency. and the frequency of peak re,ponse i~ 
,ho\.',·n on the followi ng page. The plot shows at what frequencies the structure will have 
maximum responses and enables the deiigner to redesign the structure so that the system 
will have smaU responses in the frequency bandwidth of interest. 
12 
Frequency Hz 
Fij?ure~. Typi(;a] Frequency Response Function Plot 
GenerJ.!ly there are three distinct frequencies of interest. the undamped natural 
frequenc y. the damped natural frequency, and the frequency of peak response. These 
frequencies are related by the modal damping factor. The amplirude of the response of a 
forced vibration can become very large when the frequency of the excitation approaches 
one of the natural frequencies of the system. This condition where the excitation frequency 
IS the same a~ one of the naturd! frequencies i~ referreJ to as resonance. When a system 
vibrates at resonance. the attendant stresses and strains have the potential of causing 
sml(:tural fail ure. A strucnmil system .... i ll have a maximum response when the frequency 
of excitation is near the undamped natural frequency. If the system has no damping. then 
the maximum response will occur at the undam~ nanlIID frcqul."Tlcy. The undamped 
natural frequency is a function of the system mass and stiffness and is analytically 
expressed as the solution to the eigensystem 
( J6) 
Every n:a.i structural system ha.> an infin ite number of natural frequenc ies and mode shapes. 
The finite modeling of (he structural system yields a tin ite number of eigensolution'> or 
mode shapes and eigenvalues or natural fn:q1lencies depending on how many degrees of 
freedom the structural sYlitem iii modeled with. Each eigenvector has a corresponding 
eigenvalue or natural frequency. However. all systems inherently have some degree of 
damping and me reiationship that relates the damped natural frequency to the undamped 
natural frequency i, 
(17) 
where ( is the modal damping factor for mode i. 1be d..1mped natural frequencv is slightly 
lower than the undamped natural frequency and a typical damping factor for structural 
systems is 0.2. The frequency of peak response is the frequency of excitation where the 
response of the system is maximum. The analytical relation that relates the frequency of 
peak response to the undamped natural h-equency is determined by taking the derivative 
with respect to ( ~ J of equation (18) and setting it equal to leTO. 
IXI- Folk 
l - [~rJ +[~lJ 
(18) 
14 
ant substituting back irllO eq uat:on ( 181 } \elds 
IXI I 
Folk, K Jl -(\) :r -t-f2~,wr' (1 9) 
Now pt:rforming ~ - 0 
and knO\ving fm equation (20) to equal zero. the numerator must cqu.."l..! zero. Selling the 




and solvi ng for uJ , which is the frequency of peak response yields 
(23) 
It is important when designing it stmctural system that the excil<ltion frequency is not dose 
to these frequencies or fai lure of the structural system is likely to occur. 
15 
III. FREQLlE.\CY nO .\I/\lN STKLCTCRAI, SY~THESIS 
Th~ theory presented herein is taken dimtly and exclusively from references r 1. 2. 3:1d 
31. The purpose of this thesis is to explore the application of this previously devclopctl 
theory to the analysis of 3 submarine cradle slructure. 
Frequency domain structural synthesis was first presented in 1939 and ha, evolved to 
the latest fonnulation, which was published in Jouffwl of Sound und VibrUlirln (1 991 ) 
I Ref. II. The most recent formuiation of the theory is a new method for analY1;ing 
structurai systems rRet'. 3]. This method handles all types of structural models and i, more 
efficient and cost efft'Clive compared with traditional finite clement solution procedures. 
Frequency domain structural synthesis refers to substructure coupling and stmetura! 
modification using frequency reSJXlnse function data. The previously developed 
formulation for structural synthesis, Ref. [3J, is applicable to the static and dynamtc 
structural analysis of direct coupling of substructures, indirect coupling of substructures, 
modification of substructures, and constraint application, The theory allows the synthesi, 
of displacements, velocities, accelerations. stresses, and strains. 
An important feature of the fIaj ut1lcy domain formulation is the arhitr.uy and exact 
model order reduction possible when performing a synthesis. A finite element method 
(FEM) when applied to prncticaJ problems typically generates between 1()2 to l(}i degrees-
of-freedom (ooF). The frequency domain fonnulation allows, as a minimum, only those 
ooF of interest to be included in the analysis. This feature is in fact the reason for the high 
computational efficiency of the method. Using one of the numericaJ examples presented in 
the section ~NumericaJ Examples. ~ the computing time required for a frequency domain 
synthesis can be compared with the same anaIy~is using traditional finite element (FE) 
16 
procedure. RcfcrTlng to E:-;ample (6) the fOllowing count 01 1l000ting point operations 
(FLOPS ) sho .... 's the efficiency o f the ITC<jllency domain method 
FEM direct assembly: Time - 25876 sec or 431 .3 mins 
FI,OPS - 1.49 x 109 
FRF synthesis' Time - 1167 sec or 19.45 mim 
FLOPS - 5\7,2 'I( 1l)6 
This clearly demonstrates that synthesis by FRF is more efflcicnl and better suited for the 
fe -analysis of complex structures wlth large numbers of OOF. Mo[t'Ovcr. the savings in 
time grows with increasing model s~zc. 
There are two major c1assiflcatmns of structural synthesis. These cla!.sifications arc 
coupling and modification and each cla%ification can be viewed as direct or illdirect. 
Co upling is defineu as the joining of two separate substructures to form one structure and 
modification is dermed as the creation of a new load path in an existing structure. Ar~ 
example of coupling is the coupling of a submarine hull and the machinery support cradle 
['he hull is modeled as Ont: substructure and th~ cradle is modeled as another substructure 
We want to join these two suhstructures together to create one complete structural system. 
This proc~ss is known as structural coupling. As an example of the use of structural 
modification. an analysis of the complete cradle structural system shows tllat a certain 
d~m~nt has unacceptable stres~. By install ing an additional support, the srr~ses become 
acceptable. This process of changing the structure is known as structural moditication. 
Indirect coupling is the joining of structures with the intnxluction of an intermediate or 
imcrconnt't-1:ing structural elemenL referred to as an interconnection imperlance element or 
impedance patch IRef. 11. Direct modification can be viewed as th~ application of a 
constraint equation to a given structural model; direct coupling is simple substructure 
synthesis [Ref. 11. The theory is unique in that it allows any linear structural element 10 be 
17 
used as an interconnection impedance. for example a spring ami viscous damper may be 
installed helween tv.'o clements of a structure, The synthesis is pcrfonned at each fnxruency 
of interest. which makes possible the efficiem treatment of frequency dependent properties. 
like the properties in the spri ng and viscous damper. Frequency domain structural synthesis 
allows changes to a finite element model without reassembly of the mass. stIffness. or 
damptng mauices. 
A. GENERALIZED FREQUENCY RESI'ONSE 
The derivatiom presented here arc taken ellciusive\y from References I, 2. and 3. T\le 
derivations are reproouced with more intermediate steps leading to the fmal operative 
equations. We begin the development with the previously derived formulation for a second 
order linear structural systt::m descri.beJ in the frequency domain. 
The differential equation of motion for a second order linear structural system is 
mi+cx+kx ~ FsinOt. (6) 
The solution to equation (6), which is the total system response is 
(7) 
where Xh is the real or homogeneous solution and X. is the particular solution. We 
consider only steady state harmonic excitation, therefore the particular solution is used as 
the total solution. 'Ine solution is assumed 10 have the form 
X-X,"Xe""'. (8) 
I' 
TakI ng the first and second deri va tIves of X and subsl\!uting mto equauon (6) yields 
(- O: mX + j OrX +kX,V '" ~ FI'''" (9 ) 
DivIding both sides by.,"· and rearrang mg equation (9) gIves tIle equatIOn or mot ion as 
The dynamic stiffness of the structural system is known as the system Impedance which IS 
(2.4 ) 
The static system stiffness k is detennined by the case where 0 · 0 and the svstem 
impedance is 
Z(O) - k. (25) 
The matrix notation for the structural system impedance is 
[Z(O)li xl - Ifl (26) 
The system impedance matrix [2(0 )[ is both complex valued and frequency dependem. 
The general equation for the frequency response structural model is found by taking the 
matrix inversion of equation (26) and is indicate<! as 
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Ix! and !i) are vector, of complex valued generalized response and excitation coordinates 
at a specific frequencv fl. and I Ii] is the rrequenc.v response function (FRFl matrix 
evaluated at the frequency fl. In general an element of the FRF matrix is defincd;:'y taking 
the partial derivative of Ixl with respect to Ifl . Referring to equation (24) and ""'filing the 
equation for x, we get 
(, ~ fI,,/, +H,d .. + H;./; + - - -+ H, J. {28) 
and taking the partial derivative of equation (28). thc general form for an element of the 
FRF matrix is 
(29) 
and is defined as the partial derivative of the ith generali7A!d response coordinate with 
respect to the Jth generalized excitation coordinate. 
There are other types of frequency response which are classified by the type of 
coordinates involved. For example, strain-force and stress-force frequency response are 
defined as 
130.3 1) 
The difference betv.·een equation (27) and the two equations (30.3 1) is the FRF matrix I HI 
contains displacement-force infonuation in etjuation (27) and strninlstrt:Ss-force information 
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In ccualions (30.31). The general element of the so-am and stress FRF is delemlilled 111 the 
same manner as the displacerntnt-force FRF. T he general elements are dctined as 
(32.]3 ; 
where ( ; and (I are complex valued strains and stresses at coordinaks i at a specific 
frequency 11 
Here we will show the development of the frequency response function in the modal 
coordinate system. We st.1I1. with The differential equation of motion for a second order 
linear structural system in physical coordinates 
mi+cX .- kx - F(r) (J4) 
where we assume F(T) is of the form ll'je-'l." and the vector IF) is the SCI of rorce 
amplitudes. Now we apply LfJ.e linear transformation 
Ixl- I"'lIql (35) 
to equation (34) where the vector lxf is the set of physical coordina~s to be transformed. 
the vector !q) is the sel of modal coordinates. and the matrix [o:J:!] is the <;ct of mass 
norrnali ... ed normal mode shapes. Pre multiplying the transfonned equation by [¢( and 
using the relation [<!JII [ MI<!J] - [11 yields 
2l 
Rewriting equation (36), the differential equation ot" motion in the modal coordinate system 
Since we assumed steady state harmonic forces, equation (34). the modal forces are also of 
the form !J!" !,fje'"'" and the solution is assumed as a ~teady state harmonic mooal 
response of the form jql_jXje)lt Taking the first and slXond derivative of jql and 
substituting back into equat· ;7) and simplifying yields 
[' (38) 
Rewriting equation (38) 
(39) 
and solving equation (39) in terms of the modal response yields 
(40) 
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To 1T<illsform equanon (<10) back to the physical coorctir:a:e system. \I.e use thl.: 
tran,t"ormation of modal force . [c(:> ji IF I ... I JI. iUlil the transforma,ion or' modal 
coordina,es. l.d = l<P J( X) . to '>lIbstirure back into equation (dO) a.ne.! si mplify me 
rcsultmg eq uation in physical coordinates is 
IXI OI<l> ll ~_,_' _ _ . - , 1<l>J'IFI 
u::; - 0 t jD.2( w, J 14\1 
Remembering the general form of the fn:quency rcslXlnse, cq u<!tion (27) . the frequency 
reslXlnse functlon [ H(Blj in term, of the system modal information is 
(421 
and any '>pecific clement of H is given by 
B . MATR IX PARTITlONL"IG 
First we wiU define the classitication of coordinates. Figure 5 represents two 
substructures A and B thai will be joined together by merging coordinates 2 with 3 and 6 
with 7. These coordinates are referred to as connection coordinates and are denoted by the 
subscript "c". By the definition just stated. the connection coordinates for substructure A is 
2 and 6. likewise the connection coordinates for substructure B are 3 and 7. Internal 
coordinates. denoted by the subscript "i." are all the remaining coordinates not direct lv 
involved in the substructure (()upling. [n Figurc 5. the internal coordinates for substructure 
A are 1 and 5 and the internal coordinates for suhstructure Bare 4 and 8. The set of ail the 
physical coordinates are denoted as coordinate set °e". If one structure is involved. then the 
coordinate set "e" contaim only the connection and internal coordinates for that structurc. If 
two or more substructurcs are involved. then the coordinate set "e" conk1ins all the 
coordinates for all the substructures. The mathematical representation is e ~ i U ('. 
A 
Fil!urc 5. Structurnl Model with Internal and Connection Coordinates 
Referring to the genernl equation for frequency response, equation (21), and WTiting it 
in matri;.; fonn with coordinate partitioning as 
(44) 
where Xi and fi are a set of generalized responses and excitations at the internal coordinates 
and Xc and fc arc a scI of generalized response and excitation at the connection coordinates. 
One of the special features about the frequency re~"JJOnse is that in addition to respof]';c 
information, we can also determine other information al the same time, for e",ample. 
stresses. We can append a set of stress coordinates and then equation (44) b~omes 
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1'+5) 
The stress coordinates will allow the direct calculation of synthesized >ystern stress 
The generalized e:o;citations are partitioned ~nto intemal and external excitations. 
Referring to Figure 5, and looking at the internal coordinates. for example coordinate I. it 
is obvious that the only force DOssibie on this coordinate is an e:o;ternally applied force. 
Since the internal coonJinates do not participate in synthesis. then~ are no couplillg forcc:s 
present on internal coordinates. The connt:ction coordinates. for example. coordinate 2 in 
Figure 5. may experience both c:o;ternally applied forces and coupling forces which are 
established through s}TlIhesis. Therefore 
(461 
and by definition of the intemal coordinates 
(47) 
Introducing equations (46 and 47) into equation (45) allows for the e:o;pansion of equation 
(45) as 
I~ r Xc i 
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where the asten\k superscript denotes a synthesized quantity due to the fact that we have 
introduced the forces o f synthesis. Note that with the introduction o· equations (4(, 
and 471. a redundant eqllation. the fourth row of~uation (48). has Oet:n appended, Using 
the definition of the set He", equation (48) is written in the new condensed fo rm 
where Ii: w [1'", . The vector Fe i~ extemally applied fon.:es which may eXlst at 
all physical coordinates. and the vector fc is the coupling forces present only at the 
connection coordinate,. 
C. STRUCTURAL MODIFICATION AND rNDlRECT SUBSTRUCTURE 
In this section we will develop the governing equation for structural modification and 
indirect substructure coupling. As previously detlned, structurnl modification is the c reation 
of redundant load paths within a structure. and indirect coupling is the creation of new load 
path with a strul1ural element betw~n uncoupled substructures. Indirect coupling and 
structural modi fication are confined to connection coordinates. There is only one restriction 
enforced for these processes. The structural change used for modification or 





where the negative sign shows that the reaction IS on the structure !O be modified or 
substructures to be coupled. Equation (50) defines the transformation of forces which is 
used to transfonn equation (49). The transformation which operates on equation (49) is 
(52) 
Substituting equation (52) into C(juation (49) yields 
(53) 
then perfonning matrix mul tiplication and simplifyi ng equation (53), the resulting l"ann is 
given by the relationship 
(54) 
Extracting the third row of equation (54) 
( 'i'i) 
and rearranging equation (55) 
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1St'll 
and solving equation ("it'l) in lemlsof Ix') y;eld~ 
(57) 
E:maCling the second row of eqllation (54) 
k l - iH"IIJi-iH,, ]lzilx"l ISS) 
and substituting equation (57) into equation (5S) 
(59) 
now. using the known relation lhat 
(60) 
and substinning equation (60) into equation (59) gives the following relation 
and rearranging equation (61) and setting it equal to rero 
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and rell.TI ting equation (62 \ as 
Since by derln ll ion U! '" 101, then 
(64 ) 
and solving equatIon (64 ) in terms of t H"j' yields 
(65 ) 
Now we will simplify the third term of equation (6S ). Extracting the following ponion 
fac!oringtheinverseterm 
and applying the identity (abr' ,. a -'h-' 
[21[Z- '(2 " Hut [ 
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and then slmplifying yields 
1Z- '· HJ' 
Subsrituting the above simplified ponion back into equation (65) and performing the same 
arocess on the first row of equation (54) yields the final operative equation for structural 
modification and indirect coupling 
(66) 
Note for the static C<lSC when n .. O. the impedance matri,; [Zi - [KJ and IKi is a singular 
matri,; which is not invertible. therefore equation (66) is not valid and a form of the 
equation which does not require the matrh inversion of I Z1 must be used. The following 
equation is for the static case when Q .. O. 
(67) 
TenllS on the right side of equations (66 and 67) are pre-synthesized values and the left 
hand side is the synthesized values. The matri" [ZJ describes the modification to be made 
for structural modification and can be negative if the modification to be made is the removal 
of a structural modification, or it describes the new load path between two structures for 
indirect coupling. The quantity [Ha ,] allows for the direct calculation of stress due to 
eKtema.lly applied loads in the synthesized strucrure. Stress frequency response could he 
replaced with main or other structural frequency response. 
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I). SL BSTK lJCTL"RE ClH"PI.lr.;(~ Ar'I.·D CONSTRi\INT I\IPOSITIO\ 
fn this section. the development of the theory of direct suhstnlchlre coupling Ilsing 
booic.aJ' mapping matrice;; is shown. A formal discussion of the mappmg matrix is 
presented :.n the next section. The rk.·elopmenl of this theory aho applies to lOnst,dinl 
impo:;iTion. SUDstnKDJre ulllpling il:volves lhe joining of two or more separate 
substructures where constraint imposition involves one structure. the coupled stnleTIlre 
Conmaint impo,ition 1S the application of two condition, on the synthesized conl:ect;on 
coordinates. The first condition being force equilibrium where the summation of force, on 
a coordinate arc equal to "era and the <;eCond condition being compatibility whL'Te the 
displacement of the synthesized coordinates arc cqUallO zero. Compatibility 1S interpreted 
as the connection coordinate from the fIrst substructure m~t have the ..arne di<;placement as 
the connection coordinate hom the second sub,tructure in order tor them to be merged as a 
smgle coordinate. 
We extract the third row from equation (49) which is ShO'Wll here again for reader 
(49) 
Thc third row of equation (49) is 
We construct thc conditions for equilibrium and compatibility to be impo5ed on the 
connection coordinates. Figure 6 shows two connection coordinates from two 
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sub,tructures and Figure 7 shows the equilibnum and compatibility conditions applied to 
the merged connection coordinate of the synlhesil-ed structure. 
e __ e 
Fi/!ure 6. Connection Coordinates from Two Substnlctures 
!' /' 
--e-
Figure 7. Merged Connection Coordinate 
Referring to Figure 7, we write the equilibrium equation for the pair of connection 
coordinates shown in Figure 6 as 
(69) 
wh.ere the superscript denotes the substructure and the compatibility equation for the 
merged connection coordinates is 
x: - x.~ - 0. (70) 
Convening equations (69 and 70) into the general equations which will encompass al l the 
connection coordinates. The general form uses the mapping matrix to relate Cd(;h pair of 
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coordinates. Noting that J,': ~ - r' and .1", '" f , we can write the general equations, The 
general equanon for the force equilibrium is 
In-[ \1[(;;1 (7 1) 
where the vector Ii I represents the arbitrarily selected independent subset of the 
connection coordinates. Noting that the mapping matrix 1M ] must remain constant for the 
constraint imJX)si tion to hold, the general form of the compatibi lity equation IS 
[ '"I' [M[' [x"I - IOI (72) 
where the vector lx, 1 represents the compatibility for the pairs of connection coordinates 
This veclOr is the zerovectoT. 
The transformation equations that operate on equation {49) are derived from the general 
equilibrium and compatibility ecjU3tions and are of the form 
(;,l '[~ ~lm 
[~J '[~hitJ 
, , 





noting that we arc using the displacement freque:lcy response only for derivation purpof>Cs. 
and then perfonning matrix multipl ication and simplifying equation ( 7:'i ) [he resulting 
form is given by equation (76), 
06) 
Extracting the second row of equation (76) 
(77) 
and rewriting the second tenn of the left hand side 
and enforcing compatibility between pairs of connccti(m ooordinates, 
(72) 
equation (70) becomes 
(78) 
Rearranging equation (78) 
[H ... IIl;f" - [H"M'Ii!.} (79) 
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and pre multiplymg both 5ides o f equation (79) b~ [H,y 1 i yields 
!J:I --[H"M'I[i(·. !III (80) 
Extractlng the firs! row of equation (76) 
(81 ) 
and mbsti lUting equation (SO) into equation (81) 
(8'1 
and substituting the knovm relation 
(60) 
for the right hand side of equation (82) 
(83) 




where the ,erms on ,he right hand side are frequency response values calculated trum the 
uncoupled structures and the left hand side is the frequency response values for the w upled 
'ystem. 
PerforP.ling lile same derivation prescnteJ above on thc tirst row of equation (49) 
yields the operative equation for direct substmcture coupling with coupled system stress 
re'iponse. 
E. I)IRECTEO GRAPHS A~)) ~·IAPP11'o·G MATRICES 
The theory of direct substructure wupling requires mapping matrices to invoke the 
constraints of equil ibrium and compatibil ity. l11e theory develDpe{1 in the preceding se£llOn 
demonstrated how the mapping matrix represented the conditions of equilibrium and 
compatibility on thc synthesized connection coordinates. The mapping matrix can he 
constructed from a graph which represents the connectivity that is established when 
substructures are coupled through synthesis. l11e general fonnulation of the mapping 
matrices using directed graphs presenterl below is taken directly from r~faencc [31. 
The use of equation (85) to perfonn substructure coupling requires the construction 
of the mapping matrices, IMI. As was developed in the preceding section, each column 
of [Ml represents a statem~nt of the equilibrium and compatibility which is enforced for 
each pair of wnnection coordinates ~ng ~oupled. We will now d~monstra~~ . thal fM1 
can be constructed from a graph WhlCh !s drawn to represent the connectlV!ty to he 
established through the synthesis. 
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fij!.ure g. SubstmctlJre Couplings and Din:cted Graphs 
Cons)(jer the coupling dePicted on the left in, Figure , ~' Substruc!ure "A ~ IS being 
coupled to substructure MB,M through, say, a sIngle pair of connection coordmates. x 
and x. TIle coupling of this pair of coordinates creates load path "I." To construct the 
mawing malJix for this connection "1," we arbitrarily assign a value of -[- to the 
connection coordinate of suhstructure ~A" and a value ~ -1 M to the connection coordinate 
of suhstructure ~B." The mapping matrix for this (()nnection is 
Considering now the more complicated coupling on the right of Figure 8, and also 
acknowledging that in general two suhstructures arc coupled using more than one pair 
of connection coordinates, we may construct the mappmg matrix. Here, the 
connections -I~. ~J". and "K- consist of more than one pair of connccti{m coordinates 
each; these are. in general , sets of connection coordinate pairs. The mapping matrix is 
,[,,", "J~ "~1" "A" 
[Ml " ~I I 0 "8" 
o -I -1 _ "C~ 
where each column contains plus/minus identity matrices whose elements correspond to 
the coupling to be established between each pair of connection coordinat~s. For 
example. in column 2 of the above mapping matrix, all connection coordinates 
as~iated with substructure ~ A" are assigned a ~ I" (i .e. [11) and they are to be coupled 
to their counterparts in substructure ~C which have been assigned a ", \" (i.e. -[£1) . 
The coupl ing of the~ coordinates constitutes the ~t of load paths denoted as "r. 
The. directed graphs ll!Id their boolean mapping matrices provide a means of 
organizmg complex couplmg!i, and also provide a framework for the computational 
implementation of the synthesis, i.e. equation (85). Of cour~. care must be exercised 
to insure that al l matrice~ in equation (85) are appropriately partitioned 
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An example of u<,ing dir~ted graphs to generate the mapping matrix is presented here 
Figure 9 shows substructure coupling and the associated directed graph for the load paths 
created when connection coordinates are coupiC<J throlJgh synthcsi~ 
Figure 9. Substructure Coupling Usmg Dir~ted Graph~ 
The upper portion of Figure 9 )hows two nodes from two substructures that are to be 
coupled and the lower portion of Figure 9 shows that each node has three degrees of 
freedom which correlates to three coordinates. Each coordinate of node I is synthesized to 
its corresponding coordinate of node 2. The synthesis of the these coordinates cre.ates load 
paths "J\", "8", and ~C. Invoking the constraints of equilibrium and compatibility. the 
mapping matrix is constructed. Using the equilibrium equation presented earlier 
(71) 
where the vector If 1 is the complete set of connection coordinates from both substructures 
and the vector III is the arbitrary selected subset of connection coordinates 10 be retainerl 
penaining to the selected substructure. From the equilibrium equation. we get the 
relationship between the two subsets of connection c{X)fdinates, .t .. -f/. If we arbitrnrily 
select the connection coordinates from substructure 1 as our set to retain. then we assign a 
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1 to those coordinates and iro!!\ the re lationship shown above. we assign a - j to the 
connection coordinates of substructure 2. T he mapping rnarr!". for the system in Figure 9 is 
determined using equation (7 1) 
1 0 0 0 
, 3 : Ii'i (86) 
- 1 0 o 2 ; 
, 0 ~J 3 1 
bJ 0 0 
where 
The upper partition of equation (86) corresponds 10 amitr.lrily >elected coordinate, of 
substructure ! and the lower partitioo corresponds to connection coordinates of 
substructure 2. The mapping matrix relates how theses wordinalcs arc connected. 
F. :\IODIFICA nON AND INDIRECT COUPLING USING MAPPING 
l\lATRICES 
rhis section will sbow the development of the operative equation of synthesis for 
indirect sUbsll1.lcture coupling and structurnl modification. There arc tv.ro classes of 
synthesis for which mapping matrices are used The first class is direct substructure 
coupling which was discussed in Scx1ion C and the second class is for indirect substructure 
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coupling and structural modification. This class of synthesis again uses interconrlC"ctior. 
impedance to synthesize two subsrrucrurcs or modify an existing structure. The mapping 
matrix contains the connectivity information corresponding to the equilibrium of Ule 
mterconnection imperlance and the equilibrium of the modification. The interconnection 
impedance for th is method of synthesis has the requirement that the SUllctural element used 
as an interconnection impedance must be described without mass terms. The 
interconnection impedance is a iunction of stiffness and damping. This method is well 
suite<! for the synthesis of visco-elastic isolators between substructures. 
Visco-clastic isohllors are modeled as a wmbination of a spring and dash pot damper. 
The isolators are treated as having proportional viscous dampers or as having frequency 
dependent viscous dam~s. A ~-pccial note htl"e is that adding proportional damping to just 
the isolators constitutes non'proportional damping for the complete s}l1thcsized structure 
We begin the derivation with the description of the structural system, equation (49). 
(49) 
The transformation matrices which operate on tXjuation (49) and lead to the operative 
equation for indirect coupling and modification using mapping matrices arc 
(87) 
",d 
(" f' [' 0 0 jla I' x. =O Ox, 
Xc 0 Wi X 
(88) 
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The lIllpedance introduced in e'luatlon (87) IS a reduccd system impedance that is massies, 
and is of the form 
(89) 
Using the displacerr.cnt freq uency respon se of equation q9) and sub,rltlltmg t:1C 
transformation equations. equation on and 88) in to equation (49) 
(90) 
and simplifying equation (90) Ylclds 
o[ H" 
U rH" 
( 9 )) 
btracting the second row of equation (91) 
(92) 
and rewri ting equation (92) yie lds 
(93) 
Equation (93) is rewritten so that the left hand side is a product of sums 
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Pre multiplying both sides of equation (94) by [(. M f H,c,l1ij -J and simplifying yields 
(95) 
Extracting the first row of equation (91) 
(96 ) 
and substituting equation (95 ) into equation (96) 
and using the definition of the frequency response 
ix;I - [H;,][r.i (60) 
to substitute into the left hand side of equation (97) yields 
Noting that 
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we will ,Implity the third tem of eq 'Jation 1(4). E)';tracling the followi ng portlor, 
(aelaTing the tn~erseterm 
and t lien simplifying yields 
Substituting the ahove simplifieLi portion back into equation (98) yields the fina l operative 
equation, equation (99), for indirect synthesis and modificatioo using mapping matrices 
(99) 
where the terms on the right hand side are frequency response values calculated from the 
uncoupled structures and the left hand side is the frequency response values for the coupled 
system . 
Performing the same derivation presented above on the flfst row of equation (49). 
yields the operative equation for indirect substructure coupling and modification using 
mapping matrices with coupled system stress re~nse. 
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1\. NL:I\IElH(,\L EXAMPI.ES 
The fo ilov.'ing numerical e,;amples arc provided to give a detailed e,;planation for each 
type of synthesis. The results of cach example are presented grapllical ly an d are compared 
with the t,dliitional finite element mdho<i (FE..\1 ) solution. 
Three types of damping that are addreso;ed in the numerical e,;amples are: 
Type ( I ): Proportional structural damping of the form: 
( II 
Type (2): Proportional viscous damping of the form: 
Type (3): Frequency-dependent viscous damping of the form: 
(3) 
Type (1) damping is used in adding damping to a substructure, and Types (2 ) and (3) are 
used in adding damping to the isolators which are a combination of spring and dampers. 
Tile system impedance matrix Z for these damping types are: 
Tn" Ill' [ZIO)[ - [KI- n'[MI' Ael. wh", [el- a[KI' ~[MI. (tOO) 
T)1" (2) , [l(n)[ - [KI- n'[MI' j!~el. wh"" [el- a[KI· ( 101) 
(102) 
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,\. EXAMPLE (1): DY'\ .\\lIL INDIRECT COUl'L!l\G 
Consider the structures shown \n the following figure s, The structure shown in hgure 
1. 1 will be directl y assembloo by the fmite element method in order to compare a traditional 
ca iculat ion o f the freq uency response wi th that synthesited fro m the substructures shown 
in Fig12re 1.2. 
Fij!ure 1.1. Stnlcture Analyzed Using Traditional FE Procedures 
Fi!!.urc 1.2. Synthesis of Strudure 
The total structure shown in Figure 1. 1 is synthesized fTOm Structure I and Structure 2 
through the interconnection impedance Z or ~new load path.~ For this e);ampie. the 
fo !lov.ing beam parameters will be used: 
Young's Modulus £=30.0"106 psi 
Area moment of inertia I ~ 0.1666 " IO-J in' 
Cross-sectional area A" 0.2 in " 
Weight density W7D >o; 0.2832 lbflinl 
2 percent proportional structural damping a '" 0.02 
Beam element lengths = 24 in 
Proportional ~tructural damping is applied only to structures I and 2, and the 
interconnection impedance Z is undamped. The damping applied in this example was 
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arbitrarilY selected. The synthesis method is nO! limited to prooonional , trueturaJ damping. 
any arbitrary linear frequency dependent damping can be used. Referring to Figure 1.2, the 
system ot" \tructures I and :2 and the interconnection impedanee z are synthesized in the 
fre(luency domain to yield exact results as the FEM direct assembly method. The general 
synthesis equanon for dynamic indirect coupling is 
(66) 
Note again that structures 1 and 2 have prolXlrtiOnal structural damping and the 
interconn~tion impedance Z is undamped. The general fJfOCedure for perfonning the 
synthesis is as follows. 
fhe mass and stiffness matrices [K ) and 1M] for the three substructures (including the 
middle beam analytically !reate<! as an interconncction impedance) arc generated using 
traditional FEM. Since each strucrure is comprised of only one beam element, the elemental 
matrices with boundary conditions appli~ are lhe substructure global matrices. llle 
impedance matrix is calculated for each structure as 
[;<; [ '[K,[ -n'[M, 1 
12,1' [K, I- n'[M,[ . 
[2,[' [K,I- n'[M,! 
(103) 
Note that I K, [ and [K, ] are complex-valued and [K,] is real-valued The FRF matrix I HI 
for structures 1 and 2 is calculated by im .. erting the impedance matrix [ZI. We now have 
[H, J, [He! and [ZJ Referring to the general synthesis equation provided above, the 
matrices [H,J [HJ, [He,.J, and [H,.,[ are generated by assembling [Hl ] and [1:1 ;] by 
appropriate partitioning. [H,, ] is the combination of [HI] and [l:I,[ and is partitioned by 
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ITIlcmal and connectIOn coordinates. Referring to Figure after ;iJe bound.1rY coll(htio: 's 
arc applied. coordinates 4 , 5. and 6 are renumben:d 1. 2, and j respectively tor ,[rue lure I 
Structure 2 is unaffected ,ince the boundary conditions remove coordinate, 4. 5, and 6 and 
coordinates L 2. and J remain the same. The impedance l lS unchanged. 1 HJ is 
par'itioned In the following mannO-'T 
1Il"j. [ HIi,i1 HU,CI ] 
H(c.r) H(c,c) 
where the sub<;eript " i~ represents the set of internal c(xmlinales and ~c represents the set 
of connection coordinates. A more detailed representation is 
In this representation "il~ denotes the in~ coordinates of structure 1 and '\:l~ denole~ 
the connection coordinates of structure 1. The same principle follows fo r .oir and ~cr 
relating to structure 2. 'Ille partitioning for Hec, Hcc, and Hce arc 
c, 
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().I H:(c,,c, ) 
H,(c, I, ~I 0 
III this example there are no internal coordinates. The corlnl'Ction coordinates for structure 1 
are ( l , 2, 3) and fo r structure 2 are (1 . 2. 3). With VIC appropriate partitioning complete. 
the synthesis C<lJl now be performed. Using the indirect <.:oupli ng relation 
(66) 
5tnlcture ; is synthesized to structure 2 through the "new load path" Z. 1 HeJ is the 
synthesized FRF relation representing the exact dynamics of the total structure. Finally the 
FRF relation is calculated over the frequency range 0.1 . 65 Hz and plotted in the figures 
which follow. 
Frequency Hz 




Fij!u re lAo Plot H (2.2) from Traditional FE Calculation 
Figures 1.3 is a plot of the synthesized [H,, )' matrix, e lement (2,2). and Figure 1.4 'S 
the same FRF element calculated using the traditional FE procedure. The FRF element 
plotted Ul both fIgures wrrcsponds to coordinate 5 of Figure 1. J. a lateral motion 
coordinate. Notice both plots arc identical. demonstrating that the synthesis procedure 
provides an exact solution for the synthesized system dynamics. The figures show the first 
four damped natural fretjuencics. The FRF plots show the magnitude of the response at 
coordinate 5 due to a unit excitation of varying frequency at coordinate 5. 
H. EXAMPLE (2): DYNAMIC DlRI<:CT COUPLING 
Consider the foUO\\'ing figures. The structure shown in f'igure 2.1 will be directly 
assemhled using FEM for the purpose of comparing wiLh the results ootained by 
synthesizing structures J and 2 of Figure 2.2. 
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Figure 2.1. Hull ·Cradle Strucrure Analynxl by Traditional FE Techniques 
""" '''' '' ,'''''' 
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Figure 2.2. Synthesis is Usen to Directly Assemble Substructures 
Structure 2 wil l be coupled to structure I at coordinates 10, 11, 12 , 13, 14. 15.31.32, 33, 
34. 35. and 36. These coordinates are the connection coordinates and the remain ing 
coordinates are internal coordinates. Coordinates 1,2.3. 13. 14. 15, 16. 17, 18 19.20. 
and 21 of structure 2 are connection coordinates and the remaining are internal. rhe 
following beam element data will t>e used: 
Young's Modulus E == 30.0.106 psi 
Area moment of inertia I = 0.02083 in 4 
Cross-sectional area A == 1 in 
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Weight density \VTO '" 0.~832 Ihffi n ' 
Proportional struCtural damping ( 1 %) () '" 0.0 I 
The proportional structural damping was arbitran Iy selected and is applied to both 
structllres. The general equation for dynamic dlTt'Ct coupling is 
(84 ) 
In this equation. M is the boolean mapping matrix which is used to establish the 
connectivity between the two substructures for synthesis. The mapping matrix is 
determined by the connectivity i.e. what is connected to what and by imposing the 
equilibrium and compatibility relations associated with each pair of coordinates. We can 
define the mapping matri.x by [Ic! " [MII .r.-l. \I.'here [/...! isa veclOrofaU the connection 
coordinates of both struCtures and Ii, I is the arbitrarily selected independent suhset of the 
connection coordinates relating to one of the substructures. We have selected the 
connection coordinates of structure I as the arbitrary subset of connection coordinates. The 
mapping matrix [Ml is a matrix ofsi1.i! (24 x 12) and is depicredas: 
[MI-
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We will calculate the FRF matrix: \H[ i"or both substructures. First the /Kj and 1M ] 
matrices are generated for each substrllcture. [K: I and [K: I are both complex since 
prO!Xlnional structural damping was applied to both stmctures: again this damping is 
arbitrary. IK,] and [K, ] are of the form [K]-[K + jaKj. We next form the impedance 
matrix lor each suhstructure. The impedance matrix is of the form 121 - jK 1- 0.'[ , ..... ,1. Wi th 
the impedance marrix generated for each substmcture. the FRr matrix H can be calculated 
by inverting the impedance marrix. This process is done at each frequency of interest. 
These FRF matrices are required in order to couple the two stnlctures together to form the 
stmcture in figure 2.1 . Referri ng to the synthesis equation above, the matrices IH,, ]. 
[H .. I. [H,.I , and [H,o< I arc formoo by oombining I H, j and [H, J by appropriate 
partitioning. The partitioning is shown below. 
c, 
i[ H'(i'",) [OJ HJ(i" c,) [0) j [H [. " [0) H,(',,',) )0) H'\6i") 
'" c l HL(C ,,~ ) )01 H,(cl'c) 
c1 [0] Hl (C" j~ ) [0 ) H.,(c" c,) 
e, 
[II [. e,[H,(c" ,,) [0) . I H,(c"e,) 




"r H,(V) [01 1 [ [. e, [ H,(c"c) [0) 1 [ 11.[- 12 [0] H'\6;c,) H" c, [0] H~(cl'C~) 
.; H1(c"c ) 
c, [0] H,JC1,C1) 
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Referring to Figlire 2.2. ~ i I" denotes the set 01 intemaJ coordmates of structure I .,>,·hich arc 
1. 2. J. ~ . 5. 6. 7. 8, 9. 16. 17.18.19.20. ::'1.22. n . 24. ~5. 26 . n. 28. 29. an d 30 
~c I"' der.ote~ the set of connecliQJl coordinates of stnlClUre I which are 10. I I. 12. ! .J , 14 
15 . 3 I. :C. 33. 34. 35. and 36. " 12"" denotes the set of intema! c(X)rdinates of structLJre 2 
which are 4. 5, b, 7. 8. 9.10, I I. and 12. ·cr denotcs the <;et of connection coordinates 
o f structure 2 which are I. 2. 3. 13. 14. IS. 16. 17 . 18. 19. 20. and 21. \Vith the 
appropriatc partitioning complete. the synthesis of structure I to strllcrure 2 can be 
performed using the direct coupling relation 
( 84) 
[H" r is the synthesized FRF rdation which is the wrnbination of both ,truclures. The 
synthe<;i.<; i .~ done over the ff"e(j uency range of intere~t and plotted in Fig llTC 2 .. 1 The 
frequency range for this example was 0.1 to 10.0 Hz. Figure 2,4 is the solution from 




t'igurt' 2.3. Plot of Synthesized H",,(8,8) 
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il~~til~ 1 
o :;; 4 6 8 to 
Frequency HI: 
figure 2.4. Plol of H (8,8) from Traditional FE Calculations. 
Figures 2.3 and 2.4 are the plots of the FRF at element (8,8 ) from the synthesiled and FE 
[HJ matrices, This element corresponds to the lateral motion coordinate 8 of Figure 2. 1. 
Notice both plots are identical and both show the flrst seven damped natural frequencies 
The plots show the magnitude of the response of unit amplitude at coordinate R due to a 
unit excitation at varying frequency at coordinate 8. As the frequency of c:4.citation 
approaches the damped naturdJ frequency, the response approaches infinity. 
C. EXAM PLE (3): STRUCTURAL MODlFICAllON (REMOVAL OF A 
BEAM ELEI\fENT) 
Consider the following figures. Figure 3.1 depicl~ a combined hull-cradle structure 
which will be directly assembled by traditional FE procedures. Note that the structure in 
r igure 3.1 has asymmetric reinforcing trusses. The synthesis methodology wi!1 be used to 
arrive at the structural configuration shown on the left of Figure 3.1 by removing the beam 
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sho\!"11 on the right of f igure J .2. The FR F calculated :'rom the FE model iFigure J I) will 
be compared wi:.h that calculated using synthesis. 
""'0"""""" ''' '· " ,"', <.,.", .,~., " "" - " " " ~ " 
Fi/!ure 3.1. Final Hull-Cradle Con iiguration 
""" " " ,. """ 
"""8 '''  "",., ..,.,,' ., .... " ,," " ,, " '''''' " ,," 
Figure 3.2. Synthesis Used to Remove a Beam Element 
Referring to Figure 3.2, stru<;ture I wiU bt! modified by removing the hearn. structure 2. 
located between nodal coordinates 10. II. 12.43,44, and 45. The following beam element 
data will be used: 
Young's Modulus E == 30.0 ~ 106 psi 
Area moment of inertia I '" 0.02083 in ' 
Cross-sectional area A "" 1 in 
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Weight density wro '=' 0.:: 832 lbUin· 
I percent proportional stnlctural damping a == 0.0 I 
The proportional struCtural dampl11g was arbitrarily selec\ed and is applied to both 
stnJc tures. The genera l equation ror dynamic indirect coupling/modification is 
{66i 
Note that the sign in the term [Hd ~ Z ' I r is opposite from that in the origir.al L'ldirc<:t 
coupling equation. This is because "'ie are removing the beam element from the structure 
instead of synthesiling it to the structure. The first step is to generate the [K] and [M ] 
matrices for structure 1 and stnlcture 2. The I K J matrices for both structures are complex 
.. ince proportional damping was applied. They are of the form [KI ~ [K + jaKi. Next we 
form the impedance matrices for each structure. [Z],. [K] ~ fi [Mj. This method requires 
the calculation of the FRF matrix [HI only for the structure 10 be modified. structure I of 
Figure 3.2. The imp!dance and the FR}· matrices are calculated at the frequency of interest 
Once the FRF and impedance matrices are generated. we are ready 10 partition the FRF 
matrix. The matrices [H .. J [II..]. [II..], and [HJ are formed by partitioning [H, ] . The 
partitioning is shown below. 
" 
, 
111"1-",[11,(<;,\11 11,("" ,)[ 
<; 
111,,1- "~ ,I lI,i<;,c,l[ 
The connection coordinates ' Of structure 1 Me 10. I I. 12. -D, 4.+, and 45. The reS t are all 
treated as in~emal coordinates. With the appropnate partitioning of [H,] completed. the 
~emova1 of the beam from the strucmre can now be completed by using the correct form of 
(he indircct coupling relation mer.tioncd above. [H,J i.'i the synthesized FRF relaoor. 
w'luch rellee!s the removal of structure 2 from of structllre 1. This rnodJfication is 
calculated over the frequency range or interest and plotted in Figure 3.3. The freque ncy 
range for this example was 0. 1 to 7.0 Hz. Figure 3.4 is the soilltion from L'lc traditional 
FE procedure and is provided to allow di rect comparison of Ihe tv.'o solutions, Roth plots 
are identical . 
100 
FrCijuency Hz 
Figure 3.3. PlotofHoo(1!,11)asCaiculatcd lJsingSymhesis 
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Frcqul::ncy Hl 
Figure 3--'. Plot of H( 14.14) Calculated Using Traditional FE Procedures 
Figures 3.3 and 3.4 are the plots of the FRF corresponding to the lateral motion coordinate 
14 of Figure 3.1. A. special note here is that the element (14,14) of the FRF generated by 
FEM is the coordinate 14, which corresponds to the element ( 11,11 ) of the FRF generated 
by the indirect coupling relation. The reason for this is because of the partit ioning. [fi,,]' is 
partitioned with internal coordinates first followed by the connection coordinates. Care is 
required here to ensure the coordinate of interest is actually being used. Nolice both plots 
are identical and show the first six damped natural frequencies. The plots show the 
magnitude of the response at coordinate 14 due to a unit excitation al varying frequency at 
coordinate \ 4. As the frequency of excitation approaches the damped natum! frequency, the 
response approaches infinity. 
'8 
n. EXA,\ U'LE (-'): STRLCll.RAI. ,IODlnC\l[ON iADDITION OF i\ 
BlA~l) 
Co nsIder ,he ~"ollowlng figures. The: FRF for t.he stnlctu:e ,how[l in Figure 4.1 wiii be 
caiculated by traditional FE procedure~ to compare with that ca!culated using the synthesis 
procedure to add the beam element. as shown in Figure 4.2. 
,,,,,. ''''', 
~ ""' ' 
Figure -1.1. Hull-Cradle Structure Analyzed by Traditional fE Techniques. 
j' >t" '"' " ""'-" 
"""8"" ji,,-" ..,.,., . , .. ., . Il ,' ,,,, ,, " 
t'igure 4.2. Synthesis is Uset! to Add the Beam Element 
Referring to Figure 4.2, ~tructure 1 will be modified by adding the beam, structure 2, at the 
nodal coordinates 10, 11, 12,43,44, and 45. rhe following beam element data wa.~ used: 
Young's Mcxlulus E = ]0.0 w 1O~ psi 
Area moment of inertia I = 0.02083 in ' 
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Cross-sectional are-a A = I in 
\Veight density \\"TD -= 0.2832 Ibf/in· 
PropoITIonaJ. sU"lIctural damping (j %:' a = 0.01 
fhe projXlrtionaJ stnlctural damping was arbitrarily· selecTed and i~ applied to both 
~trucrures. rhe general equation for dynamic indirect coupling/modification is 
The first StL--p i,'i \0 generate the [Kl and [M] matrices for structure 1 and structure 2. The 
I KI matrices for both structures arc complex since proportional damping was applied 
They arc of the fonn I KI = l K + jaK]. Next. imp:xiance matrices arc fonncc. for each 
structure as [Z] a [Kj- Q'[Mj. This method requires the calculaTion of the f'RF matrix 
[HJ only for the structure to be modifiw. structure 1 of Figure 4.2. The impedance and the 
FRF matrices are calculated at the frequem:y of interest. Once the FRF and impedance 
matrices are generated, partition of the FRF matrix is required. 'rhe matrices [H, .. ,j [H,. I. 
l H,,], and l H, ,] arc formed by partitioning l H1] • The partitioning is sho .... n below 
c, 
H"i-
[he connection coordinates for structure 1 are 1 0, II, 12. 43, 44, and 45. The rest are all 
treated as internal coordinates. With the appropriate partitioning of [n] completed. the 
synthesis of the beam to the structure can now be completed by using the correct tOm of 
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the Indirect coupling reiatlon mCrltJored above. [1-(, I' i, the modified FRF re lation which 
IS the combination of structure I and the added elemen!. structure 2. The synthesis IS 
perfonned over the frequency range of in terest and plotted in Figu re 4.3. The frequency 
range for this e,ample i, O. I 10 8,5 Hl. Figure 4,4 i~ the solution from a traditional FE 










frequenc y Hz 
FiJ!ure "' .... Plot of H (8,8) Calculated Using Traditional FE Procedures. 
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Figures 4.3 and 4.4 are the plot~ of the FRF corresponding to the ~atem..l moton cClOrdinate 
8 of Figure 4.1. A spccialilote here is that the clement (8.8.1 of the FRF generatedDY rEM 
corresponds to the crx)f(Jinate 8, a~ does the element (8.8) of the FRI· generated by the 
indir~t coupling relation. This is different from the previous example. The reason for this 
is bccause of thc panitioning. [H,J is partitioned with internal coordinates first followed 
by the connection coordinates. Care is required here to ensure the coordinate at' inteTCst is 
actually being used. Notice both plots are identical and show the first six damned natural 
frequencies. The plots show the magnitude of the response at coordinate g due to a unit 
excitation at varying frequency at coordinale 8. As the frequency of excitation approaches 
the damped natural frequency. the response approaches infinity. 
E. EXA\fPLE (5): NDIRECT COUPLING WITH ISOLATORS 
Consider the following figures. The FRF for the structure shown in Figure 'i. I will he 
calculated using traditional FE procedures to compare with the FRf' calculated using the 
synthesis method. The synthesis will combine the various components shown in Figure 
5.2. In this figure, the hull model (structure 1) will be couplul to the crd.dJc roodel 
(structure 2). Note that this example demonstrates that the synthesis procedure easily and 
exactly treats problems with non-proportional damping, a truly unique feature of the 
methodology 
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Hgure 5.1. Traditional FE Procedures arc Used 10 CaJculate FRF for the Combined 
Hull-Isolator-Cradle Struct~dl System, 
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Fij!ure 5.2. Total Hull-lsolatorCrddle System is Synthesized from ComJXJOents. 
Referring to Figure 5.2, structure 1. structure 2, and four spring-damper isolator sets will 
be synthesized. together \0 form the system in Figure 5.1. Eac h isolator set consists of three 
spring-<iamper isolators, one for each connection coordinate. The connection coordinates 
for structure I are 10, II, 12, 13, 14, 15 , 31,32,33,34,35, and 36. The remaining 
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coordinateo; are internal coordinates. Coordinate~ l. 2. 3. 13, 1-1.. 15 . 16. 17. 18 19.20. 
and 2 i of ~tructure 2 arc connection coordinates and the remaimng are internal. For lhis 
structural synthesis method. the spring-damper isolalor~ are treated as a lumped system 
(with no physical dimensions) installed at the connection coordinates. The ronnection 
coordinates do not merge into one hut are joined by way of the isolators. The following 
beam element data will be used: 
Young's Modulus E ", )0.0 ~ 10! psi 
Area moment of inertia I '" 0.02083 in-
Cross-sectional area A '" I in 
Weight density \\ITU ", 0.2832 lbflin ' 
Proportional structural damping (2% ) a '" 0.02 
Proponional viscous damping (2%) ~ '" 0.02 
Isolator spring constant k g 25 Ibs/in 
The proportional structural damping was arbitrari ly selected and is applied to both 
structure I and 2 of Figure 5.2. The proportional viscous damping used for the damper in 
the isolator is arbitrary and is not limited to being proportional but could be any frequency 
dependent function . For our example the isolator is of the analytic fonn [k + jnpkl where 
j an. Recalling the impedance relation [Z(O)l" [KI - n ~ IMI+ ~el , [el is the 
proportional viscous damping. [f3k I. The operative equation for indirect coupling with 
mapping matrices is 
(99) 
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NO~I: thaT [z] reduces (0 [ /jlk .. i[J ~k) a.'ld its size is ( 11 x 12 The boolean mapping 
matrix I At I is dctcnnined the sa.me way as explained in e\ample two. The connection 
coordinates for stmcture 1 and structure 2 are listed above. We can ddine the mapping 
matrix by ! r I ). Where 11,: I is a vector of all the connection coordinates of both 
structures and is the arbitrarily selected independent sclbset of the connection 
(;(lordinates relating to one of the substructures. We have seloctt:d ,tructure j as the 
arbitrary subset of connection coordinates. The mapping matrix f ;111 is a matrix of si:te (24 
x 12) and is 
The FRF matrix [HI for hoth substructures is required. First the [ KJ and [M I matrices arc 
generated for t:ach substructure. [K, I and r K, I are both comp\eJ( since proportional 
structural dampmg wa~ applied to hoth structures, again th is damping is arbitrary.l K, I and 
[ K, I are of the fonn [KJ ~ [K 1" jaR j. We next form th~ impedance matrix for each 
substructure. The impedance matrix is of the form [lj = [Kj- Ql[ Mj. l,Iiith the impedance 
matrix generated for each substructure. the FRF matrix H can be calculated hy inverting the 
impedance matrix. This process is done at each frequency of interest. Now ..... ith the FRf 
matrix for each substructure calculated. we are ready to synthesize the two structures and 
isolators together to form the structure in Figure 5.1. Referring to the synthesis equation 
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by appropriate partition ing. The partitioning is shown below 
I [H'(I "' ) I, 10i 
c, H, (c,.,, ) 
,\ 10i 
101 1 H,(c,.,·,) 
H.(U, ) 10i 





Referring to Figure 5.2, Mi I" denotes the set of internal coordinates of structure! which 
include L 2, 3,4.5,6,7,8,9, 16, 17, [8, 19.20,21. 22, 23 , 24, 25, 26, 27. 28 ,29, 
and .10, Mel" denotes the set of connection coordinates of structure 1 which include [0. II . 
12, [3, 14, 15.31,32,33, 34,35, and 36, "iZ" denotes the set of internal coordinates of 
structure 2 which include 4, 5, 6. 7, 8,9, la, I I, and 12, "c2" denotes the set of 
connection coordinates of structure 2 which are 1,2, 3, 13, 14, IS, 16, 17, 18, 19, 20. 
and 21 . With the appropriate partitioning complete, the synthesis of structure 1 to ~tructure 
2 can be pcrfonned using the indirect coupling relation 
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Stn:c!ure I is syn thesized to structure ~ by the i;,olators or load path described by [z ] 
ll-lJ 1'> the wnrheSized FRF relation which is the combination of both structures and 
isolators. The synthesis IS done over the frequency range of interest and the response IS 
ploued in Figure 5.3. lbe frequency range for th is txamp1c was O. J to 8.0 Hz. Fig ure 5 . .1 
is the wlution from traditional FE calculations for direct comparison. Both p ~ots ,\:":; 
identical 
:~l ••• i ..•••.••. ~ •• j .•••••••• i. I. ; i.> ~ ••. ••• ••..••• I: t
-150 . 
0 1 2345678 
Frequency Hz 
Figure 5.3. Plot of H~(8,8) for Synthesized System. 
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Figure SA. Plot of H(8.8 ) from Traditional FE Calcu lations. 
Figures 5.3 dnd 5.4 arc the plots of the fRF at clement (8,8) of the synthesized [H", i" and 
tnditional FE 111] matrices, respectively. This clement (8,8) corresponds to the lateral 
motion coordinate 8 of Figure 5.1. Notice both plots are identical and show the first five 
damped natural frequencies. The plots show the magnitude of the response at coordinate 8 
due to a unit excitation at varying frequency at coordinate 8, As the frequency of excitation 
approaches the damped natural frequency, the resJXlnse approaches infinity. 
f'. EXAMPLE (6): INDIRECT COUPLING WITH FRl:QliENCY 
DEPENDENT ISOLATORS 
In this example, we demonstrate the capability of synthesizing components with 
frequency dependent properties. Specifically, we wil l repeal the preceding example using 
isolatof1i that have frequency dependent damping. Considt:r the following figures. The FRF 
for th.e ;:,tructure shown in Figure 6. 1 will be calculated using traditional FE procedure~ to 
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comparC with the FRF calculated liSlng the syathesize method f he cornponents ~o be 
synthesized are shown in Figure 6.2. 
"",. " " " 
"""8 "" " ,..,. "'.... ., "' " l ' ll " " • • " ' 50" " ""OS' 0" " 
Figure 6.1. fraditional FE Procedllres are Used to Calculate FRF for the Combined 
Hu ll -Isolator-Cradle Structural System 
""'0"" """ " 0' .::: 
,. " " " ", ' 
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Figure 6.2. Total Hull-Isolator-Cradle System is Synthesized from Components. 
In Example (5), the isolators werc treated as having proportional viscous damping. This 
example will use viscous damping which is frequency dependent. The methodology is the 
<,ame as in the previoll'l example and will not be repeated here. The diSl.'uSSIOn here will 
focus on Ihe only difference which is the damping applied to the isolator. Referring to the 
genernl impedance relation [Z(12)]- [KI rnMI + jQ[C ] . [ci is now a function of 12 
The equation is now of the form 
The damping applicd to the isolator was arbitrarily selected as an eXJXjnential decay 
dependent on frequency. The fonn of the function used is 
where Co - k - 251b'slin and a -0.1. 
The damping function is plotted in Figure 6.3. 
i~o~ 
~ 
8 0 5 10 15 20 25 
Frqucney rad/sec 
f'i~ure 6.3. Plot of Isolator Damping Versus Frequency 
0) 
The reduced impedance in this example is now of the form [z] ~ ]tXk ... jnke"'ll) and the 
size of the matrix is (12 It 12). 
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S;rllcture I is coupled to stmclllre:: with isolators described by [2]. [H"I ' is the 
synthesized F[{f relation whi(;h is the combination of both stmctures and isolators. The 
syn (hesis is done over the frequency range of interest and plotted. figure 6.4. The 
frequencv range for this example was 0.1 to 8.0 Hz. Figure 6. 5 is the solut ion from 










Figure 6.5. Plot of H(8.S) Calculated Using Traditional FE Procedures. 
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Figures 6.4 and 6.S are the plots of the FRf at element (!U!) calculated using the 
synthesized lU"j'and FE [HI matnces, respectively The FRF clemen! (8.8) corresponds 
to tr.e lateral motion coordinate 8 of Figure 6. 1. Notice both plots are identical and show 
the first five damped natural frequencies. The plots show the magnitude of the response at 
coordinate 8 due to a unit ekcitation at varying frequency at coordinate 8. As the lTeqLlency 
of e:l:citation approaches the damped natural frequency. the response approaches infinity . 
.-\. comparison of the compute time required for the '>ynthesis versus traditional FE 
calculation. The actual computing time and the number of floating point operations (flops) 
for each method is provided: 
rEM direct assembly: time - 2S876 sec or 431.3 mins 
FLOPS - 1.49:1: 109 
FRF synthesis: time - 1167 sec or 19045 mins 
FLOPS - 517.2 x 106 
This clearly demonstrates that synthesis by FRF is more efficient and well suite{! for design 
analysis. 
G, EXAMPLE (7): STRESS CALCULA nON BY DYNAMIC L'IIDIRECT 
COU PLI NG 
Consider the structures shown in the following figures. The structure shown in Figure 
7.1 will be directly a.~sembled by the finite element method and the ~ bending stress 
frequency response wi.ll be calculated in beam element #4 whose location is shown by the 
dashe<! line A--A. The same structure will he synthesize<! using the frequency domain 
method and the same stress frequency response wi.1I be calculated. The f'RF results 
calculated by the synthesis methodology, shown in Figure 7.5, wi.ll be compared with that 
calculated by traditional FEM, Figure 7.6. Again, the structure (specifically, its rRF) as 
shown in Figure 7.1 wi.ll be obtained by synthesizing structure 1 and the modification. 
srructure 2. a<; shown in Figure 7.'2. ~ote that a ,tre'>s freq uenc y resjXJnse al lows the di rect 
calculation of stress due to the application of a force or moment. The equation for 
determining synthesize(! stress is shown as equation (105). 
( lOS) 
where the synthesiZed stress FRF matrix [H",(Olj' retlects the total strucrurc. including 
any modifications or couplings. 
Fi!!ure 7.1. Structure Analyzed for Peak Bending Stress 
Fi!!ure 7.2. Components of Synthesized Structure 
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Referring to Figure 7."2. strucrurc I 'A'ili be modified by adding the beam. structure .2 at the 
nodal coordinates 4. 5, 6, 10. II, and 12, lbe following beam element data wi ll be used 
Young's Modulus E '" 30.0 x 106 psi 
Area moment of inertia I == 0.02083 in ' 
Cross-sectional area A == I in 
Weight density WTD = 0.28.12 Ibf/in' 
Distance from beam center 10 ouler most fiber c == 0.05 in 
For this example, damping was not used, but the methodology is able 10 handle all 
forms of linear damping as described earlier. The generdl equation for synthesizing stress 
infonnation by dynamic indirect coupling/modification is 
166) 
This equation is the first row extracted from the relationship shown as equation (12). Note 
thaI the synthesis of stresses can be done at the same time as the synthesis of 
displacements. We are here demonstrating just the synthesis of stress infonnation. 
The first step is to generate the I KI and I MI matrices for structure 1 and the heam 
element shown in Figure 7.2. Nextlhe impedance matrices are generated for each structure 
as [Z(O)j " IKI- O"[MI. Since we are modifying structure I, the FRF matrix (HI is only 
calculated for structure 1 of Figure 7.2. The complete process as described here is 
performed over the frequency range of interest. There is basically MO sections to this 
process: (I) the partitioning of the (HI matrix into its required sub matrices for the general 
synthesis process and (2) the extraction of the information from the I HI matrix and the 
processing of that information to calculate the stress frequency response. 
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Reh:mng lO E:\ample 14). we partitlon f HI for ,tructu.re i in the same manner. For the 
~ynthesi~ of stress frequency response on ly, only the partitions of [HJ and [H" I are 
required. These partition are shown below. 
The internal coordinates" i, " are I. 2, J, 7. 8, and 9. rhe connection coordinates "c," are 
4.5.6, 10, 11. and 12. The second part of the process requires aJi or part of the FRF 
matrix for structure l. depending on where the e:l:ternal loads an: applied. The connection 
coordinates are required for the synthesis process, as always. and internal coordinates arc 
required i f the stress frequency response which is of interest is associated with an elemem 
whose nodal coordinates are internal coordinates, i.e. they are not directly associated with 
the synthesis. In this c:l:ampk, all coordinates arc used for the stress infonnation. We apply 
a unit load at each coordinate using the foHowing equation. 
( 106) 
where i is an element of the required coordinates, This equation is interpreted as the 
displacements at the structural syslem coordinates due 10 the unit load at the desired 
cOOfdinates of interest, which is the combination of connection coordinates and any internal 
coordinates desired. !:I: r is the i'lh column of [HI when using unit forces. Using the i'th 
column of I HI. we exttact the elements corresponding to the beam element that stress 
information is desired for, gening a partitioned fonn of the i'th column. The complete 
reduced form of the (HI matrix is [H(hc.dc)1'd"'<oj • where be are the coordinates of the 
beam of interest and de is the !;Ct of required coordinates we wish 10 keep. In our example. 
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the seT of beam comdinates. "bc" is 1 .~ . J. 10. 11. and 1~ and the set of reqllired 
coordinates. "dc" is L ~. 3. 4. 5. 6. 7. 8. 9. 10. 1 Land 12. (1lI R, "", , " is a matrix of si7t' 
(6 x 12 1. f~1Ch column of [HIRd ... , •. is in the global coontinatc system and needs to be 
transformed to local coordinates by llsing the follo\\ing re lation 





sma O · 
cosu: 0 
( 107) 
Now v.rith the H transformed to the local coordinate system, we can get the nodal forces by 
the following relation 
(108) 
where [k., J is the elemental stiffness matrix in the local coordinates system. We are ready to 
solve for the FRF stress, fiLst combining all the column vectors Lr f into a nodal torce 
matrix I FI and then multiplying it by the moment equation to solve for the FRF peak 
internal bending stress of the beam element 
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rhc FRI- "tress equation is 
The I Ho i is a row vector size [I x 12), ,inee we used all the c(x)f(iinme.'i as our set of 
desired coordinates_ Noting that 1 '\('1) is detennined from equilibrium for the clement in 
question. and here we provide the internal bending moment. The derivaTion is ~h()wn \Ising 
Figures 7.3 and 7.4 
Figure 7.3. Deam Element for Stress Calculatlon 
Figure 7.4. Beam Section Cut althe Midpoint 
Consider the beam element in Figure 7.J, The moment is to be calculate<! at the midpoint of 
the beam. First the beam is cut Figure 7.4 and the moment at A is solved f(w 
I 
M" =M, "'v,"2 
The moment equation in vector form is shown as equation (Ill). 
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(J 10) 
( I I I) 
Noting that the nodal force of the beam element is 
f I l ~) 
where -A~ indicates an axial force, -v~ a shear force, and ~M.- a moment. The intenlal 




"" is evaluate<! over all the chosen required coordinates to fonn [ H~ !. which in OUT 
example is a row vector size ( I x 12). If more then one beam element is used for stress 
calculations then [H~ I could be of the size: (number of beam elements) x (number of 
desired coordinates). With [Ho I generated, we can now partition it into the required sub-
panitions for synthesis. The partitions required are [H" I and [ H~, l and are 
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d 
I H"I ' ''1' H,i,b.d II 
cl 
[ 1I,..j - n~H)( nh.il ) H,(nb.cl!j 
rile beam element sct is imlicated by ·'nb". In this example "nb" cou ld have been 1. 2. 3. 
and 4 since there are four beam elements in the substructure to be modified. Beam element 
4 was cho~n as the beam to calculate FRF stress information so "nb" is 4 and the sizes of 
the matrices are (I x 6) and (I x 12 ) respeclively. To gel the stress information for Deam 
five. the synthesis method of direct coupling must be u ~d. With the appropriate 
partitioning completed the synthesis can now be performed. [H", r is the modified fRF 
stress relation which is the combination of structure I and the added element structure 2 of 
Figure 7.2. The synthesis is perfonned over the frequency range of interest and plotted (fl 
tigure 7.5 . The frequency range for this example is 0.3 to 102 Hz. Figure 7.6 is the 
solution from the traditional FE calculation for direct comparison of the two solutions. Both 
plots are identical. 
~~I 
00 50 1~ 150 200 250 300 
Frequency Hz 
Figure 7.5. Plot of Synthesized FRF Stress Element Ho,( 1,9) 
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Figure 7.6. Plot of 11" (1.6) C-alculated Using Traditional FE Procedures 
Figures 7.5 and 7.6 are the plots of the FRF stress corresponding to Ocam element four of 
Figure 7.1. These plots represent the stress ampl itude in beam element four due to a unit 
force appljed at coordinate 6. Both plots are identical. Note that the frequency of peak. 
response is slightly lower than theundarnped natural frequency. 
n. EXAMPLE 18): DYNAMIC nlRECT COVPL[NG USING MODAL 
REPRESENTATION OF FRF 
Consider the structures shown in the following figures. The structure shown in Figure 
8.1 will be directly assembled by the finite element method in order to compare the 
frequency response calculated by traditional FE methods and the solution obtained by 
synthesizing structure 1 and structure 2 as shown in Figure 8.2. This exampk will show 
three results, the first being the solution from synthesis using the modal repreSL'fltation of 
the frequency response. the second being dira:t assembly using FE and the modal 
representation and thirdly, direct assembly using FE where frequency response is 
calculated by the inverse of the impedance matrix. 
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~1=======~ 
fi~ure IS. I. Structure Analyzed Using Tradi tional FE 
~I==== 
Fij!,ure 8.2. Structures to be Synthesized Using Modal RepresemauOl1 
Referring to Figure 8.2, structures J and 2 will be synthesized by direct coupling using 
connection coordinates 4, 5, and 6 of structure I and connection coordinates I, 2 . and 3 of 
structure 2. One internal coordinate will be kept in this synthesis process to show thai the 
frequency response for a specific coordinate can be synthesized using just the connection 
coordinates and any internal coordinates mat might be of intereSt This example will use the 
intemal coordinate "2" of structure I as the coordinate of interest. The information desired 
in this example is the frequency response at coordinate 2 due to a unit harmonic load at 
coordinate 6. Note that when structure I and strucrure 2 are synthesized. the coordinate 
numbering becomes the same as depicted in Figure 8.1. The foUowing beam element data 
was used: 
Young's Modulus E "" 30.0" I O~ psi 
Area moment of inertia I = 0.02083 in' 
Cross-sectional area A '" I in 
Weight density wm '= 0.2832 Ibf/in J 
Structural proportional damping was not used. but the methodology will handle all 
forms of damping discussed earlier. The frequency resp:mse matrix [HI can be generated 
by two methods. "I11e fmt is by the relationship 
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where [ Z«(l)l~lKI O'[MI+jO{C] 
The second method is hy matrix: modal representation. The rclatlonship is 
(42) 
where [¢I is the set of eigenvectoN or mode shapes. and the middle term is the diagonal 
matriJI. of lhe natural frequencies or eigenvalues less the frequency of inte:-e,t. This 
relationship can also be expressed in terms of individual elements of the frequency 
response function by equation (114) 
(114) 
which allows the calculation of specific frequency response of interest without having to 
generate the complete FRF. 
The general synthesis equation for dynamic direct coupling is 
(84) 
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rhis equation is written in terms of al l the coordinates. This example concerns the synthesls 
of a single FRF matrix element involving one coordinate. In general . the symhesis process 
requires FRf information for all connection coordinates, and FRF information for any 
internal coordinates of ir.terest. Rewriting the general equation for this specific example. tile 
equation btx;omes 
(!15) 
where the subscript ~2- signifies the internal coordinate "2" of structure I and the subscript 
~c- signifies the set of connection coordinates of both structures. In this equation, IM I is 
the hoolean mapping matrix which is used to establish the connectivity between the two 
substructures for synthesis. The mapping matrix is determined by the connectivity i.e. what 
is connecrcd to what and by imlXlsir.g the equilibrium and compatibility relations associated 
with each pair of coordinates. We can define the mapping matrix by l!.! = [MJ l j,). 
Where Ul is a vector of all the connection coordinates of both structures and Ii, I is the 
arbitrarily selected independent subset of the connection coordinates relating to one of the 
substructures. We have selected the connection coordinates of structure 1 as the arbitrary 





The FRF marri:o:. [1-1] for both substrucrure, I and :2 is calculated using t~e matrix modal 
representation relation discussed earli<.-"f. The important point here is that .... 'e are not using 
all the coordinates. The coordinates used from substrucrure I are 2. 4. 5. and 6, the fir,t 
coordinate is the coordinate of interest and (he rest are connection coordinates which must 
be used. The coordinates used from suhstructure 2 are just the required connection 
coordi.'lates 1.2. and 3. All six mode shapes for each cooniina(e are kept for the calculation 
of (he FRF maui". The FRF matri" [II;] is calculated by using the appropriate 
partitioning of the modal matrix [<1>,]. The diagram of the relation on the next page IS 
showing the coordinates kept and the number of modes. 
2 4 5 6 
Jf w:~n ,I{ ¢ ,' 
The size of [HL 1 is now a (4 x 4) matrix which contains all the necessary information. Thi s 
also shows a significant computational advantage because the size has been reduced from a 
(6 x 6) toa (4 x 4) matrix which requires less Computational rime to manipulate the matrix. 
l H, j is generated in the same manner. We wi ll use all six mode shapes for each coordinate 
kept of substructure 2. The required coordinates are the connection coordinates 1. 2, and 
3. The diagram of the relation is given on the next page showing the coordinates kept and 
the number o f modes. 
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I 2 3 J cP. 
Now with h I and h2 generated. the two mb,tructure, can be synthc'iized. Referring to thc 
e,\ample-specific synthesi, equation above. the matrices r H" I and [II.. 1 are formed by 
combining hi and h2 by appropriate partitioning. The partitioning is sho .... 'Tl on the next 
page. 
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Referring to Figure 8.2, ~i I" is the set of internal coordinates for substructure!. Since 
coordinate 2 is the only coordinate of interest, the set of internal coordinates is juSt 
coordinate 2. The set of connection coordinates "c]" consists of 3, 4, and 5 and "c2" 
consists of ], 2, and 3. With the appropriate partitioning complete, the two structures are 
synthesize<llogether, 10 form the stmcture in Figure 8.1. using theQisc ~-pecific form of the 
direct coupling relation 
(l15) 
[ H" r is the synthesized FRF by modal representation relation which is the combination of 
both structures. The synthesis is done over the frequency range of interest and plotted in 
Figure 8.3. The frequency range for this example was 0.1 to 80,0 Hz, Figure 8,4 is the 
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solution (rom trdditionai FE calculatJons using the Inverse of the impedance matrix to 
calculate the FRF and Figure 8.5 is the '-Dlution from traditional FE calculations uSing the 
modal representation to calculate the FRF. Figures 8.4 and 8.5 are inc lude<! for direct 
compari'-Dn. All three plots are identical 
Frequency Hz 
Fi~ure 8.-'. Plot of Synthesized H,,( 1.3 ) 
'6 
Frequency Hl 
Fi~ure S.4. Plot ofH(2.6) from Traditional FE Calculations 





g -200 ~ 1 -250 
" E -300 
-350 ~--- -
0 to 20 10 40 SO (i() 70 80 
Frequency Hz 
Figure 8.5. Plot ofH(1,4) from Traditional FE Calculations Using MOOal RqJfcsenlation 
Figures 8.3, 8.4 and 8.5 are the plots of the FRF at element (1.3), (2,6), and (1,4) 
respectively. These elements corresponds to the lateral motion coordinate 2 of Figure 8.! 
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A special note here is that the element (2.61 of the FRF generated by rEM is the res!X)nse at 
coordinate 2. which corresponds to the element (I,J ) of the synthesiled FRF generated by 
the direct coupling relation using m!Xlal representation. and element (1.4) of the FRF 
generated by traditional FE using modal representation. The reason for this is bc<:ause 01 
the partitioning and the coordinates used in the calculation. Care is required here to ensure 
the coordinate of interest is actually being used. The plots show the magnitude of the 
res!X)nse at coordinate 2 due to a unit excitation at varying frequency at coordinate 6. As the 
frequency of excitation approaches the natural frequency of response, the response 
approaches infinity. 
Figure 8.6 i~ the plot of the determinant of H"o which shows the natural frequencies of 
the synthesized stnlcture, The frequencies where the plot crosses the axis or equivalently, 
the frequen(;ie5 for which the det[ llcc 1 = 0 CO!'l'eSVOnd to the natural frequencies of the 
synthesiled stnlcture. This information is important because it gives the designer a starting 
point on deciding how many modes to keep in the modeling of the system and the 
frequency bandwidth over which to perform the synthesis. Reducing the number of 
retained modes will decrease the computational cost and the computer time required to 
analYle a given design. The number of modes required to accurately model a given 
structure is case specific, 
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:11"1\) .~ ~ 
20 40 60 80 
Frequency Hz 
Figure 8.6. Plot afthe Detenninant of H" (Plotted over Reduced Bandwidth) 
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V. CONCLUSIONS AND RECOi\fl\lEN1lATiONS 
The most important conclusion from this study is that the analysis and re-analysi, of 
strucrural systems 15 perfonned most effici~ntly by working in the ffe(IUency domain. It 
was shown in example (6) that synthesis of complex structures was approximately 22 
times faster than the traditional FE methods. The large increase in efficiency means that 
rapid analysis and re analysis of structure!; can be performed Large seale structural 
analysis can now be looked at in man hours where analysis by trdditional FE methods is in 
man days 
StruCtural synthesis in the frequency domain provide!; for an arhitrary order model 
reduction that requires only the coordinates involved in the synthesis and any other 
coordinates that might be of interest. The solution to the reduced model is exact This is a 
signiticant point because a 10,()(X) degree of freedom model can be reduced to a system of 
tens or hundreds of degrees of freedom, significantly improving the computational 
effiCiency. 
The frequency response theory allows for the direct synthesis of response infonnation 
of any kind. Using a generalized defmition of frequency response, displacement. velocity. 
acceleration, stress. and strain information may be directly synthesized. based on this 
generalization, the theory is an ideal means for doing static and dynamic design re-analysis. 
Static problems are treated as the zero frequency case. 
The frequency domain structural synthesis theory allows for any combination of 
substructure coupling and structurnl modification to be performed, either simultaneously or 
sequentially_ 
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Recommendations to furtller utilize and demonstrate tile tlleDn' 01" frequency domam 
structural synthesis is first. to ,lirile computer code that wil l lllterface with exjsting tinitc 
e lement t:odes. for examplt: NAS']J{ANS (MSC. Corp.) or IDEAS (SDRC. Com.) to 
,ynthesilc substructures in three dimensions using plate. ,hell, and beam elements with SIX 
degrees 01 freedom per node which allows for out of plane analysis. Using the combination 
of platc. shell. and beam elements will more closel y appr()xima~ actual structures. Second. 
bui ld a scaled prototype of a submarine and equipment cradle and compare the theoretical 
results with experimental rcsu l~ s. 
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, \P PE~OIX A :\I AlLi\H CO DE FOR EXA.\H)Lf ON,. 
calcu.l a"_2 tl12 eig'C~va lues, el'Jenve(:tD[· ~ 
iHld frequeClcy response 
't for a freedom at f'aen node element:. 
't '~ne syscem h; mcc.eLed · .. ich bea", el cC1ent s th a e 
'l; ali.gned i:l th" ~a", (! "lane bClC ar. any a:lgle 
, 
% T:Jis j:::-ogr"wl wor 'n; ror a bea;n ele~l"nt llYldeled wi t h six gene:-.'l. l 
'l; ceo,.-ciir.ates and thus six DOF . 
1 1 0 - -·0 I; 
% c:Je user muSt ,,:lter th" fol10 .. ing da t a to me"t the beam centiguratlO:l 
% (E) young e; ""odulus psi 
% HI a,.-ea ".o:nen:: of ine:rtia Ln - " 
% IWI'DI weight ceIlsity Ibf/inO ) 
% (A) CrOSS sect_ional area in ' 2 
'" cenduc:ivit y [ t he node con.:1ectior. matJtJi:lg 1 
~ node co::; :rd inates [ carc"sian coordinates for each node 1 
j::retJon_iona J dampL~g cO~StaIlt_ 
beam2 
, 
% s t ar~ ~r.e prey,;rolm cloc k ar.d f l ops to d!'termine prCJg:-ax rllnning 




d - I>i:>e\c:o,,-' . 
nu"'el=a 11) ; 
, 
% ed l c u late ::ne number o f bca", e lcxenr.s tJroj:;crtiolkllly damped 
da~s i "eldcon:- ; 
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~;..:r.e:_ :lamp-aa ( ll ; 
· ,. -a:c'..l:ate the :'.'.:.:~ber of n:;d e s . b_si ze (ccord l ; 
:'lcdes- b ' l 
% {::; ::ve r~ ~he c::ordina ,Qs in to ~he ccrrect u ni ts (l ' •. ) 
· % -a:C'..l _d te ,he beam e:er-.ent +er:g ths and ceam angies 
1; i:l radia:ls 
:>ccn( i,2 ) ; 
: i " i ) - sQrt «coord (ID, l' "::-JOrd : ::, I ) I - 2+ I coord (: 0,21 -coord( Ie, 2 - 2 ) ; 
OX!:. - coord l ID, IJ -coord, Ie , I ) ; 
DY ' i) - coord (1 0. 2 , -coord I Ie , 21 ; 
if DX(iI >- 0 & DY(il> -O ; 
t( l. il - acos(DX(i)!l ( 1. iJ I ; 
eise i f DX (i) <0 & DY!i I >- O; 
tt l . i! - aco s IDY(i i !l( L i): ·p i /2; 
elseif DX (iJ <0 & DY\ ll<"O ; 
t (I , il - acoslabs(:JX l i l l/ll l, i , I -pi ; 
else 




\ ca ll trig functlon 
(c .sl _ f trig ( t.numel) ; 
· 
% ca l c u late radius o f gyration 
f or i _ l : mllTlel 
r(I , iI-sQrt(I (il/A ( i )) ; 
e nd ; 
, 
\ create t he global matrix wh ich is a ll zero es , 
, 
kg_ (zeros (nooes *J, nodes " ) I I ; 
mg- [ zeros (nodes " ). nodes · J ) J ; 
, 
Ii assemble the elemental matrices to the g loba l matrix, 
, 
for i-l : numel 
[ke l,mel l_felement6 (l(il , I<r!'D (i) I ( il .E (i) , A( il , r ! i l . c( i ) .slll I ; 
, 
v -con!i,lJ ; 
w-con ( i, 2) ; 
, 
kqO " v -2 : 3 *v . 3 *v-2 : ) " v ) '" kg(3 " v - 2 :J " v , 3 · v -2 : ) *v) • kel{I : 3 , l : )) ; 
kq(3 " v - 2:) "v,3 *w- 2:) *",1 .. kg(3 " v -2 :3 *v,3 · w - 2:3 "w ) • kel O : J ,4: 61 ; 
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I<'1' 3 - , ... -2 :3-"'. ' -v 2:3~v ~ .~;: · J - ""'<:.J· .... 3·v<::; · v 
kC; ' 3 -w -2: J''''. ) .... . 2: J - ,,; \ - kg 13 - ",- - 2 : J"''', 3· ..... - 2 : "w' 
r'1 ' J'v 2:3'v, 3 -v - 2:3-v ', = m;" 3- v -2 :3-v,3-v - 2 : 3 ' ''1 
"','1,,·" - 2 :3 ·v, 3 · · .. - : , ,· ... ) - "KI J ·" - 2: :I ·".3·w - 2:3·· ... 
= (;1'1 3·w - 2: 3 ..... 3·v - 2:3·v' 
- m;" 3"'",-2: j'''', 3 · ... - 2: "wl 
~ app-.y stn:.ctural prup . 




kgdf) · v-2: 3 ·". J ·v-2: 3 -v) ~ 
<:qdI3-,, - 2: 3-". 3 *,., - 2 :3-"'1 
'll app ly che boundary conditioCls 
% the uS0r ,,"us c adjust "he '1~obal Matrix ~.O m00t ~ he boundary ccndirior.s 
· '!! t o de . e t.e rows 
~ the f\.:nction and ca l c ulate ",i;)fm"ec~ors and "he eegenva lues 
'll wr,i ch are the mode shapes and u T.damped natura , frequency i:l 
(ra6.!sec) '2 
· 
[l a;n1)da. pr,ij ~fgmodes (kg ,mg ) ; 
% th es no ... converts t.he eigenva l ues 1: 0 nat i'requ0noy in (1' ''0/88(: 1 and 
l and hertz(l/se(~ ) 
· '-'nega = sG1'tilarl'.b da ) ; [::0G - o:n0ga /(2 *pi l ; 
% 
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:c! lc! iC,:>u:".: ' -n ,~ ,:; ; ; 
e nd ; 
% ~"d ~ l:!e p"o g:::am 
ec , C" e r ~ . ;;:: ", . t o . fl ops 
ylabe i ' FRF a t coorjina."e of 
, 
% ~' :.,is is the data to::' the fu1 1. b t ructur<= I 
% 1'h e data will be in t!1e 
'! . 'E) YOl:ngs mod",ILlS ps i 
% - (1 \ area IT'iOme nt of inertia in"4 
('''<''I'D i weighr. density l o f /in" 3 
(l\) cross sectiona l area i,, "2 
cond'-1ctivity l the node COfl:lecti()I'. mapping j 
- node cocrdinate3 I cartesidfl coord5 fer eac:., node i:1 f t. J 
(fBin prograr"l will convert to in .. 
( ':>b ) st::-vlCL.lral c::,oco rt_ icr.a l caJ1ping CO:1stant 
.1666.1666 1 *le-J; 
2 . 2 I; 
con~ ! 1.2 ; 
2,J; 
. 2B32 . 2B32 Ii 
'!; n odal dZl.:rp'.ng connect i vit_y 
dcon_ [ L ,2; 
coord- [ O,O; 
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~ l:;Q"nctary 
BC- [ 1 Z 3 
, I 
youngs rnodu Lu s ps; 
( w:'D ) v.'eigr.t dens i t y 
IA; c r oss sec ti on,, · area 
conductevety [ nede cen .... lCction r1appi ng ] 
node coord ~nat es [ carteo;ia!l c oo r-do; for each nede in i t . 
t he ma ir. p::.-ogr-a l'1 '~'i l l coovert t o i n .. 
ibb) 5~::-\lc t u::-a l prop::JYtlona l da:m;;ing consr_ant 
E_[ 30 1 ' l eG ; 
I _ [ . ,666 ] 'le - 3; 
A- [ . 2 ] ; 
1".,",8-[. 2& 3 2 ]; 
b<:>= .02 ; 
% nodal cormectivity 
con- [ l,2] ; 
% no:1a.l :1a.:npir,g cOIL, ectivity 
dcon = [ 1 , ;.1 ; 
% !loda l cart e!lian coordinates 
coord= LO, O; 
2,0 ] ; 
0; 20undary cO:ldi t ions 
t st",ctu::-e 1 
%B-:":=[ 1 2 3]; 
BC,~ , 4 0:; 6 1 ; 
~ impedence :.: 
tBC- ! ] ; 
c l ear ; 
c l g ; 
'l; -::'his is exaIT'p l e 1 ·" hich demonstrates dynamic indirect coup l ing 
% TwO struc t ures wil l be Synthesized togf'o::her by way o t o::he nE''' load 
~ path z to ferm one st ructure that is restra ined a: bot h f'm ,s 
% 
Hec • invl inv l" ) 
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:':l:: ::! l-a ::=-~C' =-:.::-.:::.:: :; " ;. ~.':~~. ~'?_ c:-::gr-a:o> " ~:Jr ~ iI"' :: il·_:;>S~r·';: !: Ur E < 
~~e j( .1:-.:1 ~ "ld:::X : :: ",a::~ dcr'..:c::.:=- ", _ ~ ~dV~ 
aJ c~.mat % k l, ml is scoced here 
::ad :~.r"lil L 1; k2,itl2 is st:r-ed r.ece 
_ :>a.j cJ . r::a.~ % k".:I1" ~s s::red he:e 
. 
we ::e '"d ~-: ~:ea te a si.ng : e :'"Rf macr '.. x represe:"!t::1g 
~ee - h ( i, i I ~ . ~,: I I 
h!e,i ' h" ,<:' 1 
\ SO we crea.ce arrilYS e::m:a i:1i::.q the DOF :1umbers of ou r originili 
% modeis wh ich correspOr.d co C"i.e · c· d::d "i " coordi:1aces for 
each subscruccure. 
'I! cail the synthesis dilt a file :.::. no"'· which cO:1tai :1s the 
, i::.cerna1 c=rdi"ates a:1d connect ion coordi ::aces for each sub 
, il - ir.:e rnil l coords of sub SC!"'Jcture I 
% i2- i::.ter"al coords of sub Struccure 2 
% cl - co::nection coords oE st.:.b structure 1 




flops (O) ; 
COU:1C- O; 
for Comega- 2 : 
co·_nt_count· l ; 
Form FrequenCY Re s ponse MOdels for EaCll Substructure 
21 _ l< t_COmega-2 _ml ; 
22- k2 -Comega" 2- m2 ; 
z - k3 -Comeqa" 2- m) ; 
hl _ inv(211 ; 
h2-i nv (z2 1 ; 
a _ si ze Ol) ; 
b- si"e (cl) ; 
c-si z e(i.2) ; 
d_si z e(c21 ; 
, 
aa~a (2) ; 
bb-b (2) ; 
cc- c(2) ; 
dd-d(2) ; 
. 
Remember, we are try ing to calcul ilt e the f ollowing: 
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[hlle l ,:;I) zercs l bb , dd ) ; 
zer-,--,Rldd,b!)J 
(hl(CI,il ) zer-os;llb,c c ) hllel,CI) zec)sibb, d :l) ; 
zeros:dd,aa) h2ic2, L21 zer-os(dd,bbi h2 (c2,1:21 I ; 
%" We Cd:ct no ... per-fo::'m the 3'r.lthesis: 
heestar - hee - hec ~ i:lVii:ctvlzi + hcc ) 
the r"dund":lt infonlli1~i8:1 
heescar - heestOlrI 1 ::lodes * 3, I:nodes · ]); 
i l ook a :. ~he coordinate of 
H:-f ( cc,-,nt)"'heestOl'-I~, 5); 
ylOibe l ( , FRF a.t coordina.te of inter!"st db ' ) 
1< The fol l o"'ir,g data "'i . l 1 be provided by this fi l e 
t: for '-'he s,,'l", thesis program . 
. 
9' 
'-.~\':-!'.a; .~~orOs iLO S-:-'';~:;:';F~ . 
in:;e~na: ·':'oords s ·~!; S::::-'~-::';::-'i! ;: 
r:''lr'.r:ec:;i·~:1 "'~c::-j.s 9"D ,,- :-u:;:;o..: re " 
% :::: 'l:;:"_",ect !.::-. coer-ds sub st:-"cc",n,' <: 
~ 1-. : ; 
-, _ : ~ ;: J ; 
~ en~e'r -he r.\J.:r.be r- o f .,;.r.res:::ained :'lodes ot 1:he syn::hesize'l 
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\I'PF:~IlIX 8 MATLAB com: FOR EXAMPLE TWO 
cl g; 
toe e i ger.va.lues, eigenv ectors 
i/o; alignec i n the sam'" plar,e bu~ a.t ilny angle 
% 
% 'rhi s prog:-am .... o rk s for il beam e l emer.t modeled with six general 
% coordinau"s and :hus six 
t "('he use r ['lus t enter t he [ ollmdng da ta t c meet the beam contl gu, ·a r ion . 
"I; (E ) y 0\171gs "..od'.llus ;ll'li 
% area moment of ine:-tia in · " 
t (l'i'I'D ) we ight density lbf/i n ' J 
% {AI c :-oss sec t ional "rea. i n' 1 
% conc.ucti\,·ity [ the node cOlL"lecticr- mapD ing 1 
% node coordir.at f's cart esian coordinates fot edch node 1 
't :b':l l damp ing consta71t 
minih'.l1 1_da:a2A 
% 
fi l e 
t S:att tllf' program clor k and flops to deter mine prog ram 
t time "nd f loat :'ng poin~ ca lculd ~l ons . 
~ O=c lock; 
fl ops (O) ; 
% 
a=siz e (cc:n } ; 
num"l.-<>.(i.) ; 
, 
~ calcUlate the r.-.unbet of beam elemen t s pcrportior-aL ly d a fl1!)ed 
aa-size ': dcon); 
:lUme l _ daml)-aa( l ) ; 
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t ' 3 _ ~;.;: a. !;. ~ ~r.~ ':\..:"l':" ,. 
b_siz e :exr j ; 
:-,:-des - :: l ~ ; 
~ ~~:1v~r: : :':.e C'C;J "O:'':;;'~E S ::1 ~J :::-.e :::> r rec :: ur. :'::!:! 
::OC ,. :!.- r; ::C ,.::j ~ : ;' ; 
DX'i l "'.-:oorc :D ,l ' - ::00":: . :::, 1 ; 
~ '_C :J C,. j IL ~ ccc rc I e , :, ; 
i.f DX i i )) - O 0.. OY L !> ~:) ; 
, i.) ~"cos labsIDY(i ) l !l i i , i )) ' I] * Dij2); 
end ; 
end; 
~ cal c ulate radi us of gyration 
for i-1 :nu me l 
r l l , i 1-sqrtOli1!A ( i)) ; 
end; 
% crear;e the g l obal mJ.trix ",hich i s al l z eroes 
, 
kg_ ( zeros (nodes * ] , :lOdes * 3 I J ; 
m'1~( zeros ( nodes ~ 3,nodes · ) 11 ; 
, 
~ assernbel the e Lement" L matri c ies to t t'.e g Lobal matr i x 
, 
for i " ~ : nLHnel 
[k e l. me ll - felem ent61 l( ii , \flO ( il ! I i) ,E ii) ,A(i ) , r lil , c I iI , s(i) J ; 
, 
v~con (i , ll ; 
.... - conli.. 2 ) ; 
kglJ *v 2 : ] *v. 3 * v - 2:3 *v ) - k" (3 *v - 2 : ] *" ,, ov- 2 ,] *v) ~ k~11 1 : 3, 1 : J ) 
kg (J " v-2:J *v. 3 *"' - 2 , J *"' ) D k '1I3 *,, -2 ,) *v.3 · .., -2 :3 - w) • ke l l l ; J ,~: 6) 
kg D *w -2 :J ·w, J * v - 2 , ) *v l ~ k '1I3 *",- 2 : 3 *",, 3 *" -2 :3 *" ) • ke I1 4:6, l : 3) 
kgD . "' -2 ,J ."" 3 ·,,, - 2 : ] -w) = k'1 (3 *", - 2 : 3 ·"' ,) · ", -2 ;) *"' 1 • kel( 4 : 6,4 ; 6 1 
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m,,'.3*·,,-2:3"",]·v - 2: 3""Ji ' ,ng '.3 "w - 2 :]* ·",3*v 
mgI3··,,-2:J"~',"w 2: ] "" 1 - mg::J *w- 2:3-"', j*w - 2 : } 'w 
eod 
'l; app l y stn.:ctural prOIJ. dam;:li'N tQ tile :~ matr i x 
~ '< rlatrix t o equal dan·.pf'd 
, 
, 
se t: globa l 
'l; [""leulale the bearr, element ~"'ng:i1s and a"gl>;s in radians 
% ::or tl"_" damped be;J.ms 
f ot:' i_l:'l\'me~ Jdmfl 
t (~, il"acOf' Ia.bs IDXi ii I /l I I , i)) ~Di ; 
el s e 
r I ,il-acos Ia.bs IDYl i: i /l Ii, i ) )' O'pi!2) : 
end; 
% c-a.lelCla t e t:'adius of qy r a tion 
v_cleon lu, 1); 
'.",6.<:on.(u . 2) ; 
,I {u),E:"),A(u) ,riu) ,s (u)) ; 
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t :Je g::;lbal ~a~::::ix ~o meet 1:1':e bounda~y C::l:l<:litlOn5 
~gd' ,Be; .: 
~g. lBC .: 
t ~:;l je:e~e 
"'9" :, 8.--: . -
kqd :, LEC) I - :) ; 
[1191 " Be:, -
· 
the funCti0:'. and cdlcu13te eigenvectors a:l.d 1:he eigef'va:ues 
11 .... hich are chi' =,".ode shapes and unddmped natural frequency 1n 
i I rad/sec) . ~ 
, 
[:ar'lbda , phi l_fgmodes 'kg ,engl; 
11 convert t:he eigenva.ues to n3t f requency in Irad/sec) and 
\ dl".d hertz ll/seC) 
· omega *' sG.rt _3mOOal; freQ - omega/(2 * pi); 
, 
11 conStnlct the freQUency response plot over the frequencies 
count-O ; 
f o r Corneg,,- . 1 ,. J :22 
count - cou:lt-] ; 
Z- kgd-comega ' 2 * m9; 
, 
11 determines the coordinate of in!;res!; to p lot 
hr.,count)-: ' 8,81; 
end; 
% e:ld tl'.e prograrr. clock and flops 
etime(clock,tO) , flops 
Cameg3 - .1 :. 1 : 22; 
F'reQ-Comeg3 /(2 ' p i) ; 
plot 1 FreQ , 20 ° log (HH) 1 ,grid 
x l abel ( ' Frequency H1: ' 1 
y label( ' I'-'RF at coordinat;e of interest dB ' ) 
, 
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\i'."T ::n wei gtlt c.en;; it y Itf/i n '3 
crQSS ""ctional ar e a i n · 2 
- con duc t ivlty [ [he 
node coc:cdi.na t es I cartesian coords 
ptogram -" i ll convert t o en 
f'.- i ll 1 Ii i 1 1 1 1 I 1 1 1 I 1 1 1', ; 
W'J'D=[.283 2 . 2832 .2B32 . 28 32 .2 a32 .~8'2 .28 32 
. 2 8 32 .2832 .2832 1; 
1);:;-0.0 1; 
II,?; 
2 , 3; 
3 , 4 ; 
4 , 5 ; 
~,6 ; 
11,1 2 ; 
12, 1 ; 
11 ,1 3; 
15 , .. 1 ; 
dOOIl- : 1. 2 ; 
2 ,3; 
4. ,5 ; 
5 , 6 ; 
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1 , 1:: ; 
l ~,> 
11. :" 
D . l ';' ; 
.~ , i~ ; 
1 ,. !. 2 : 
~ ;;>ord- ~ . 0 ; 
; , 
tiC- [ !; 
1::: , ) ; 
S. L6; 
4 , ;; ; 
O , ~; ; 
0,4 ; 
4 . 8 ; 
8 . 8; 
12,A ] ; 
"t ':'h is is t he dd~a f or ~ !le f i ni~e e l ement preg rd'l' '~-i t h t hr ee 
% degrees of freedom at a node . 
, 
% The data .. -i ll be i n t he f orm o f 
{E I YO'J ngs modu l us psi 
(I) area rw:nent o f i nerti a i n'4 
I , .. om) ... eight densi t y lbf/in'3 
(A) cross sectional a.r ea in'2 
'1\ conductivity [ the n ode connecti on mapping I 
% • node coord inates [ c a.rt esian coord" for each node in ft ] 
t ... i l l convert to i n. 
% • Ibbl fltruccural 
E- ( JO J O 30 ]0 30 
13 [ . 0 2083 .0 2083 ;tl /Ubh'3 b-Z . 
A3 ( 1 1 1 1 1 1 1 ; 
\«I'D_ ( .28)2 . 2 83 2 . 2S32 _2832] ; 
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·c ·c~ · _1) 1 ; 
2 ,3; 
,,4' 
-"'S de: ermines wha: elementR :"lave darn;:>i r.g 
dccr.- [ L. 2; 




:he da t a fo,.- the fi.ni:e elemen: " Iogram with rhrBe 
% degrees o f freedom at a nOde. 
, 
( 1-' 
% the dd. t" will he in th e fonn 0 : 
(E ) youngs m'XiU) "JS psi 
(Ii area mcment of inerTia 
% - (WTIl i weigh: dem;ity lbf/in') 
% - IAi cro ss sec t iona l ar-ea in ' 2 
COndUCl~vity I the node connection mappi.ng I 
- node coerdinate>; l ca,.-tesi"n coon',s :or "acCi no:l" in ft . I 
struct_ural 
£-13 0 30 30 30 30 
I - ( .02083 .0 2083 
.OlOil 1 . Cl083 .C20G]] b-~, !"I- . S 
A~ ( 1. 1 1 1 1- j 1 1. I 1-
'IITD- I . B32 . ~832 .283~ . 2832 .2832 .2832 . 2i132 .28J2 . 283 2 .2832 .28,2 
. 28 _,~1 
hb~O. J ; 
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~ ::-.' 5 j ~: ~'-:"1:' r es ,.,h ll t ,;>.~,"e:::s tlilve dllmping 
d -c,-. 
:, J ; 
),4; 
5.6; 
COO r-d - [4 , 0 ; 
, 





16 ,4 ; 
16,8; 
16,12. 
12 . 16 ; 
9 , 16 ; 
4, 16 ; 
0 , 12 ; 
0,9 ; 
0 ,41; 
t ThiS i.s eXlltl".ple 2 , d ynam i.c direc t coupling using the boo l elln 
t mappi.ng mllt,- i.x to synthesize t ,.,o structures together . 
, 
t Lolld dllta from rurJlir..q unifineel prog"'lIffi for each subst,..ucture 
t ,.,here the K lind )<l matrix for e ach structure is saved 
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_ ~<1 j e>l2A.a.'-a t % k~ ml .i s s t o r ed he::-'? 
e><2Ab .m<1t. '" k 2 m2 ~s s r::!; '?d ~ ,, :- '? 
'>le C[ ('a le arrays c onta ir. ing the DO F 
'" m,xle>; "'hid, co::-respond ~ lle :h? "C" dEd "i" coo nii Eii teS f~r 
% i2- int"nEl~ co"r-ds 0: sub 
% c :~ cQO nis ef suh s t r uc;tur-e 1 
~ c 7= cors,ect Lon c oords of. s uo "tructure 2 
FRF _ Sy::\t h_ daca:A 
, 
C i. O[,3( 01 ; 
ceunc~O ; 
f o r Co [negOl_ . 1 
cour,: =CCUIi~+ l ' 
Form Fr "quen c y ReSj::cnse Mede l s for EilCr. Suhstruc t \;.re 
z l~k l - comegOi ' 2 - [H ; 
z 2 - k 2 C0::'1ega 0 2 - m2; 
h ~ - L r1V Il :. 1 ; 
a-s izcl j 11 ; 
L-size (el ) ; 
c _ si. z e(UI ; 
d~ S cz e(c2) ; 
, 
Rcmemhe r . we are tryiroq t o ca l cu l at e til e fo l l o wi ng : 
he"~ = ~e e hee * M • in'll 
Clccr = M' • hcc • M 
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S'J "", ~ ··:' . i "; ls s e,...t: e ~.""": , !".::-e; ,, :-:d ,~~~ . -";9:, . .,. ".' 
%: c ::t> ;:: ~::::- d;::ace 5e~ s " e : ~S: 1efc ro~ . 
~~_"l' e -,,::: : , ;lS c '-' '-_~'):" ~:-.e f'<.f ::iata f0r both s-c1bsc::-..;ct·..;,-es 
p::; " :: ~J ~ : ·~p.~r.:; . :.e tne pre-synthesIs FRf d,) t il . 
;-;..;i~j .;.p ~ :lCC,-,pled FRF rna:::'-" ')nd sub-pancitI C:""!S : 
h:lil,C. zerJs(aa,da 
zerasicc,bb) h2 il. ~, ,~ ~; 
ht (el,ell zero s l bb,<J.dl; 
zercslod.bb l h: I:;;.' , ::;.' ,; 
0::. '_ il, Cl ze:-o s a3,dd> ; 
ze:-:ls <ec ,bb i h;.' ::,e2 ; 
h~I:: :,c !.; z e:-os bb,ddl ; 
zeros (dd ,bb l h: CZ ,CZ I I ; 
hec ~ h. ,e : ,e ll zeros Ibb,dol ; 
z erosldd,bb) h2(e2,c2)]; 
hce - (hl ICl ,il ) zeroslbb,ec) hi(Cl,Cl) zeroslbb,ddl; 
zerosldd,a31 h21e2, i2) zeros(dd , bb) h2(c2,c2 )J ; 
% we C3n no" perform the synthes i s : 
heestar .. hee . hec • M • inv( hcc:r ) - hee; 
, 
, remove the redundent in!o::mat ion 
heestar .. heestar I 1 : nodes · 3 , 1 : nodes · j) ; 
% look at the coord inate of interest 
flfl(count J-heestarI8,S] ; 
end; 
et ime (cloci<., to) , f lops 
Comega - . l : . ) : 60; 
Fr~"Comega/(2 * Di) ; 
plot (FreQ , 20 - 10q IHH) ) ,grid 
)(labell ' Frequency Hz ' ) 
y l abel('FaF at coordinate of interest da°) 
FRF _Synth_data2A 
% This is the data file for the synthesis Drogram 
, 
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! ,he :,~1 '. C:>I.' ing dao:a '",,11 1 !:J €' pr2v l ded t:y ~ r,i s 
, 
~ i1 inEeroal (:()Qrds sub structure l 
ir. : e r:lal ccords sUD st rc;clure 2 
con,.('ct i O:l coords Sl:C structure 1 
cor':-,eCtion coords S'-.lb Stn;cture 2 
1 ~ 3 ~ 5 ~ 7 a 9 10; 17 18 19 20 21 22 23 2~ 25 26 27 28 29 ) 0 
CI * riO 1 1 12 1 3 14 15 3J 32 J3 34 35 36 j ; 
: : _ [4 S 5 7 S 9 lOll 1 2 ]; 
c 2_[ . 2 3 13 14 15 16 17 H! 19 2 ~ 211 ; 
, 
% The U .. : ·_o l.'l ng is the mapping matrix . 
% The mapping ma tr i x i s nOt genera l and is 




OJ 0 000 -] 0 000 0; 
0000000 -1 0000; 
0 00000 a 0 - 1 0 a 0; 
000 - ] 0 00 00000 ; 
0000 - 1 COO 0 0 0 0 ; 
00000 -1 0 COO 0 0; 
000000000 - 1 0 0 ; 
0000000000 -1 0 ; 
00000000000 - 1 ; 
- 1 000000 a 0 000; 
0 -1 0000000000 ; 
00 - 1 0000000001 ; 
% Enter the numbe. of unrestrained nodes of the synthes i zed 
nodes _ 1 5 ; 
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\PPF'WIX C .\t\TI.AB CODE FOR EXAMPI.E THREE 
.:r. ~ f i :-.ee . 
_ ~a- '" ":.t,e e i gerwdlues,eige"vect; rs 
a :ld t ::- ec;'Je:'lcy respO:'lse fUI~"~: ~n mat r ex 
~,e"r:k :r at eac h "cde e :eme" t . 
t 7 :1e syst::em is model ed ·"it h " "am e : ements trat ilre 
l a ~gnec. lL ·~e same D ! a .~. e bu t dt any a ngle 
, 
1< I' h i s p r oqr dJr, .. orks fo r a beam 
% coordinates a nd t .hus six DOF. 
( 1-' - -- ' - l i 
mooe l f'd ' .. i t!l six ger.era ~ 
the to l :o.,ing ca t. a t o mee":. the beaHl cen ~i gu.rat \c" 
yO U:'lg s rr X'vl l u s pSl 
',r ared. morr,cnt ot i :'lert-ia i. n·~ 
% I W'l'D: '..- e iqht denflity I bf/in " ] 
% IAl seer. Lona] area Ln· 2 
t c,xlduct:V:' t 'l I Lh e :'leee cer_'1ec t. ion mappir.g I 
% node coordi:lat e s : c a:-tes ian courdi r.at"s EOl 
% lobi propor~ioIial da:r.ping COnstant 
c l ear ; 
mLni hull_cliita3 
t start the prograt:l c l OCk and tlops to dcterm inf' >-,::-og::-,, [n r.lnr. ing 
t til"e and. ~ loating point ca l cu l ilt: Lons 
-O '~cloc )(; 
f 10p5(0) ; 
% 
,, - si >:0 :con) ; 
nume l-a II \ 
~ ca ~culate t he numbe::- of bpdm elpmf>:lts porporticnaLy COimpee 
aa-s ize Uccnl : 
I II 
t;,e numbe::- o f r. : :i': s. 
t ca. ' c;.) la.:e c~e tee3.;" " L,,[nent l eng l hs Clr.d team a nglES in r a.li L3.ES 
1 ;'1, '. ~flqr t: 'coor d :rD, 1) - C00:-C IIC , l l ) 
DX ( i :-cco::'dIICl , ll cco rdl I C,l l ; 
el s e 
t ·: 1. i) - Clcos(abs (D Y{ i ,'/1 ( 1, i) ) + IJ *Di j1 " 
,,"'1 ' 
end ; 
't CCllc'..lla t e ::'Clc.ius of gy::'Cltion 
r( l, i )=s c; r t :I ( i ) /AO) I ; 
e nd; 
'" crea t e til ", g l obal ma.~rix which is <li1 zeroes , 
, 
% assembe l L Ie eiementa1 mat::"i cies t!'",e g~obal rr,acr; x. 
, 
tOT i~L :nume1 
[ke 1, me1 1-fe l ement6 ( 11 il ,W'ITlli l , I (il ,Elil 
, 
v-conl i,l l ; 
...-<::0[\ (i , 2' ; 
, 
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, sOil ; 
+ :~e l (l: 3 , I: J I ; 
+ kel( I: 3 ,4 :6:' 
+ ke l I4:6,1,3 1 ; 
, 
:-:: ."" ~: "v , .l · v < : J · V -
,.-.g' 3 · v ·~:' ·v .J · "'- ~:3 ·w l ~ 
,..q " \oI -~: " w,J ' v -: : 3 'v ' -
<:!t.:i 
! 
~ : 3 . 4 : ~, 
r.-~: ~ , 6 , ~::; I 
• ",,,, 1, ~: 6 ,';' '''' I 
~ ac~_y s~::--.,,,:-", ::"a' p:-Cp. Jarlp::lg t a "he J< ,..",:rix ar.c ~", - g local 
t " C'.a~::~x ::) equa. da :cpeo xa~,.-ix 
··11 ~~'.l: 3 t~ t::e b eam e. e:ne:1 t :engths Cl:l:\ b eam :Ingles ir. "' ~d : C1r_s 
~ ~:':- c)-.e d amped. ;:' ea. ~s 
~ c :- i _ ':' : l": .. me : -!3ntp 
::-dcon ,L ,I . ; 
: l.~' -Sq::- t <cco::-d :D ,' -coo :.-d,rC , 111 '2 ·(ccord I D, 2 )- coordIIC,:) 
C: X L i -coc:-d ;:::, l.-coord 12 , l 
:;y : , - coolCd :i: :J,2, - coo rd ; C, 2 :; 
i f ex I:' , .. .') 0. r;"':i >_ 0 ; 
: . 1, i '_:lcosiDXli) /1: 1 , ~ ' I ; 
~: i . : -acosia:;s(DY( i ))/l11 ,i )) ' 13*pi /2 1; 
end ; 
end ; 
t c a lcu Late rii d iU$ ct gy~at ion 
:,)r ~- ~ : mL'T,c l_damp 
r (~. i I - sqrt II (i I l AO ) I ; 
I'nd; 
kqd-kg .-
for u- l, nume l damp 
~eL l_f element6 ( 1 iu) ,WTD i u ) r (u) • E (u) .A (u) , " (u) , C (u) , s (u) ) ; 
v=dcon(u, l 
",'- dccr,(u , l : ; 
kgcD "v- ~ : .J'v, J * v · 2;3 · vi = Kgdl) *v-2 : j ' v, J " v ' 2 : J * v) • j *bb* k el (l : J , l : Ji . 
kgc(J *v-2 : J *v,J'",- 2;J *"' ) - kgdD *v ' 2 :J *v, ) ' ",- 2 : , *", ) • j * t;b*~e l( 1 : J , 4 : 61 ; 
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~ J * ~;O *;(? _ 
, j ~[;b *ke 
% ca ll runct ~ on and ca l cu:af.e eiger,ve:::tors and t he eigeClvalues 
~ wr.L2h are the m:xle sj,a>Jes and unda;1";Jed na t ura l fr""T.len cy in 
(rad/sec" 2 
, 
omega ~ sqr t ( l ambda) ; 
freQ _ o,r,e g a/ (:*"i) ; 
, 
to nat f rec;.'.lency i n 
;l; constuct t h e freqccency response p l ot o ver t.)~e tr eque:l:::ies 
fo r COr:',ega- . l,.3:40 
COl.tnt - C01.!nt+; ; 
Z_ kgd - Ccmega ' :;:"rr.q; 
H- i nvizl; 
, 
% t.'1i.s determi:-"es the coo::dir,ate of intrest to p lot 
tlH(CC UflC) _Hi;4, ,,, I 1 
end; 
Vcanel('FRF at coordinate of interes~ d.3') 
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.:1e da:a ", :'11 be it'. ~:.e ::)!":" ':: 
(E yo).:ngs modulus ;lsi 
%. ; I 3:"eil moment of :.::",:- ~ia in" 
" vr.':» ) ",eight densl~Y lbr /i:: ' J 
X -r'-' ss se,:~ :':na~ area :'n': 
. ~~:'.:i_~- 'v, - 'I L the ::::d.e connect:'~:l ma;;~ ;r:g ~ 
. :-.Odol coord inates i ;:a r~esiil.n COO:-j8 for each node 
the main program will convert. ~o :':: . . 
bbl scruc l:; ura l proportional damping cor.s r:ant 
. 
E-; J ~ l ~ lC )0 ]0 .; J 30 .; '. .;; ] 0 )0 .; 0 .; 0 J 0 .;.) J ; ]J; ' ~e6 ; 
X- I . c _ vel . 020in . C:O d) . nOSl .0208) .02083 . Q2,;S} . 0 ;:: 0 83 . 02~"3 
. ~; ) a3 .02 0 83 . 02083 . :20113 .02083 . 02083 .ozes) . 0:083 1 ;'t:l!12i::h ' J Coo:. 
h- . 5 
A- [ l. I. 1 I. 1 I. 1 1. 1 1 I. I. ~ 1 1 1 11; 
1orI'D_( .2 83 2 .2 832 2832 ,;:83 :' . 2832 . 2832 . 2832 . 2832 .2832 .2832 . 2832 
2332 . 283~ 2832 . 2832.2832.2832) , 
bb- , 
00:-.-[1 , 2 ; 
> ,4; 
4 , S ; 




10 , 11 ; 
12 . 1 ; 
11. 1 3 ; 
13 ,14; 
14 ,1 5 ; 
15 . 5 ; 
U,121; 
% this detere:nines wha t elements have damping 
dcon-[ 1,2; 
2,) ; 
4 , 5 ; 
5 , 6 ; 
6,7 , 




11 . 12 ; 
12.1; 
1 1.13 ; 
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BC- , 
13,,-2 ] ; 
8 , 8 ; 
~ 2, 8 1 ; 
% TClis i 8 cr_e da1:a file fer tete ce;,,;, modi f i catior . . 
, 
data ""i ll be in cr.e form of 
'" (E ) youngs rrx;a.'.I l 1ls psi 
% - (Ii area :nome"t 0: i r.ertia ir. · .. 
(WI'D) ""eight dens i ty lbf/~:1 ' ) 
- c:ondu c: tiv i~ y i the node con.."1ection mappinq I 
nod!' coordinate,; l cartes i a" coords f o:- each no<ie in ft . I 
t!"'.e main p r ogram ""ill conver~. ~o in .. 
Ibb ) s:r>.Ictur1l 1 propo:c: io:1al ~IT.ping COnstant 
j * le6; 
), 
1>.'TD= l.2 8J2J ; 
determincs wha t ele<nc:1 t s ha ve lla,r;ping 
d"on-\~, 2 1 ; 
, 
c:oo rct- i4, C; 
O,4 ) ; 
[[ 6 
~ -;e doltil ", iii be i:1 ~he !:: :7"' .': 
~ ,; YQ1,;.~gs ,.-odu ;'us DB ~ 
, 'i, a:-ea "'O<":'.[>::~ -:- f ir.e:-t:a in' 4 
t . ,"'-0 ", e ~"r.t dens ~ty cc!/i n ' J 
~ A' -:-r:s s sect~:>~.a~ area in ' ;'> 
, ~::nd",ct iv~ :y [ tr.£' "ode :C::l:'1..-:ectior. mapp.~.g I 
\ _ ::xe ~ ::c~d::'lates 1 ca~~esian coords f ol'" eilch :'lede in :'t . I 
the mai n progr am wi :~ convert to ,n, 
bt) lJ!::C"..lcturaL p ropor~ional da",_p i ng constant 
E-·). 3~ )0 )0 )0 )0 J C jJ 3 J 3 0 30 )0 3 0 30 )0 ) 0 30 30) ' te6 ; 
r ... . o:" SJ .J2~83 .020 83 .0: 06 3 . 0:20S) . 0 2083 . 0208) . nOS) .0208 ] 
, :: 2 :8 3 . O~';S3 .J20S3 . 0208) .02083 . 02093 . 02083 . 02083 ] ; %lI i 2bh ' J b- ~. 
h- . ~ 
A_( i 1 : 1 1 ~ 1 ]. 1 I t 1 1 1 1 l 1 1] ; 
WTD_[ . 2932 . 2832 . 2832 . 2832 . 28n . 2832 . 2832 . 28)2 .2832 . 2832 . 2932 
. 2832 .2932 . 2832 . 2832 . 2832 . 2S3 2 .2 832) ; 
bb-O . Ol ; 
2 . 3 ; 
3,4 ; 
... , 5 ; 
5 , 6 ; 
6,7 : 
7 , 8 ; 
8 . 9 . 
9 , 10 ; 
!1. 12 ; 
12 ,1; 
11.13 ; 
14 ,1 5 , 
1),12 ; 
IS , ~ l ; 
:-.~s det ermines wh a t elements l",ave d a mping 
dcon- ( l, 2 ; 
2 ,3 ; 
~ , 5 , 
5,6 ; 
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BC~ [ 1 ; 
9, .' 
11 , :2 ; 
~: , ~ ; 
13 , 14 ; 
~5, '5 ; 
1 3 ,12; 
1'0,41; 
1:', 8; 
0 , 12 ; 
0 ,8; 
% This p:cogram .... i ll modify a substru:;: c".lre by relfK)ving a beam 
% element from the str.lcture . 
c l g; 
% kl , ml are stored here 
load eXJ b .mac % k2 , m2 a re !leo red here 
% call the dat a flle 
MOD DATJ 
. -
% "ole need to parcio n the H mat rix o f the struc ture t o be 
% modi£ ied i n t he followir.g way 
. 
% ( ii I ic ! 
( c i I cc 1 
lIS 
;-,;0 (; ) = 
t ~ - -: ~~;:: ~ ; 
~ L~~S j ; 
· · :::;·.J:\ ~ -c: ",r.:· 1 ; 
21 - < _ -2,=,:rega ' 2* "'. ; 
2_ k 2 _ 2mr.ega.· 2 *m2; 
, 
~.ec ~ Lh (i c,cC J ; 
h l ce,ce l ] ; 
, 
!'lee = [ ~:dcc,cci j ; 
, 
he e - ~ h l cc , i.e) 
% th i s is ( o r ",dd ing a component 
%hee dt:dt: ~ "ee hec · i -w (inv (?i • heel · il<:e; 
% ;:"is is for r emoving a component 
h e estar - hee - hec " inv l hcc inv(zll ' hee; 
.~:-I l counti ~heesta r I l l , lil ; 
end; 
e :i f11e lc lock , t O) ,f lops 
y la.bel ('?RF at coordinate o f inte res t dB 
~ This is the da t a fi l e for th .. modi f iC3tion progTam, 
% the f o ll ow ir.g ,",ata · ... ill be prov i ded by t his file 
, 
'lo ic - i nternal coords of synt!lesiz ed st,,-ucture 
% cc- cor.necticn coards of syot_t:esi zed $t ructc;.re 
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~ 3 4 '5 ,; 7 8 <) 11 L4 . 5 '.6 :'7 1 B 
30 3L -'2 33 3 ~ 35 36 37 38 B <10 ~L 42 ! ; 
~,..~ , 10 II 12 43 44 ~51; 
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and fr,,"~e:1cy response 
% ::; ;:- ii ~h[ee :reec'.om a t each node 
% c !"l e syste:n i s HlOdeled ;"i th bean e l e rner.ts "hat are 
~ 8 ' i gr.ed 11"'. the same ;;. l a n e but at any angle (2 DI . 
, 
, 
'~ ~ ".i s p:-og~dm "'0 1:-:<6 fo r il. team element mcctelcd wctr. six gene'a.! 
% coordinates il r,d thc;s !O il< ::OF'. 
- ' - 11 
% the ll~ e [ mUSt en: "" the foLl(Y~'ing da.ta to meet t h e beam con fLqur"t ion 
, 
" ':r : a r ea nanen~ of inee-tia in-" 
% (It>"rD) '~' ei" ll t d C:1sity lbf/in ' J 
! ( A ) ClCOS S sf'c t iQna l ilrea in ' 2 
% ccnd'-.lctivi t y l t be reode conr.ection ,nii;Jpi r:g I 
% w)de c o:::>nli"ates [ cart e s i an coo-:-diaates for each 
'!; (bbl prCDOrti(:fkl l dam;)ing ccn>Jtant 
clear ; 
% c a ll the aata ELle 
mir,ihul l _ diitii4 
~ !3tdr t the prGg:carr. clock dnd :10P5 to deter-mine r.rogram t;u rming 
% t ime and floa.:ing Mint ciilcuLatlons 
to =c: loc::k ; 
flops ( Oi; 
, 
a-s i ~e icon l ; 
rLll[('.el =a(l) ; 
, 
" calclla : e tl'.f' number of ::Jeam elcrr. ent~ por;;o r t i ona ll y cimpeJ 
aa~" iz ,,{dcon; ; 
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~ ca ,~uLtt e : h e 
b_ scz,," , coo::d\ ; 
ler_'J ::Ls and !:Jearn angles ir. 
% calcu la te radius ot g yra Li on 
=sqn(I( i l/A ': il) . 
% creal£' the q lcbal matrix w:'l ic:'l i s a D ze::oes. 
, 
" assem.be l t he ele.r.ental lll<It r icie:J ::c ~. he g l obal rr.ar.r '- '" 
, 
for i=l :n'JlT\el 
[kel ,mell -fe !. emen~6 O( il ,WTIl( i.1, 1 Ii I, Ell) 
% 
v~co;)(i , 1 1 ; 
"'-CO;) \ i , 21; 
- kg(3'v'2 :J' v ,]'v - 2,j ' vl ' :<:e ll l : ",1:31; 
_ kqU 'v -2 : J *v," w- 2 : ] '",1 T k elD ; 3 , 4 : 61 : 
~ i<g(3 *w- 2 : 3*w, 3 *v- 2:3 *vl • ke l( 4:6,L:3; ' 
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c-c l * v -2 : :!~v,:; ·v· 2 ,J·v 
:"<; 3 · v-~:3 ~ v, 3 ·w - 2 :J- ... 
::'.::; ) -w ·: : J 0'", , J * V-:: J <V ; 
:t.g 3 - ", ~: :;0 ... , :! < ... - 2: ) * \01 ) = 
• me : 1 :3, 1: 31 : 
- "e i .1: 3, 4 :6 
- :n,," ~ ( 4 : 6, 1 : J I ; 
• It,e: ( ~: 6 , ~ : 6 i , 
~ """ l y 3'[lC>lCtulCa: "rop . da~"i::g :~ :r.e <c _'llQt!C'-x ilLd set g l oba! 
~ k ;r,a:::::i x ~o ~q-.ut l d a ,;ped ~a c" ix 
. 
~ ,~ a~ cu 1a'[e t he beam el e ment length s a~. d b e a :n ar:q l es :':: !Cadiilr:s 
l !O ~ t:he 
: ,11 
- ;; - dcon l ;,,:) : 
L i: - sqn: (icoolCd( : D,:' ::;:::o lCd :': , ~J ) - ;::. l coo.d ( !:l , ~ f - coo.d (I C , 21 
DX ( i i _c:;,olCd . 1D, i I -c::xJlCd i I2, l! ; 
CY,i _coor::ll D,2 1_ caa:::d ( IC,~ ) ; 
If DX(i >-j s. 
t(1,~ -<iCOS ~ ilbSlDy(i IJ /l ( ,ill.(j·pi!2 ), 
",nd; 
er:d ; 
% calculJte [ildius of gy:::-atia:1 
foc '-""".0''' _""''0 
kgd- kg: 
for U_ l,nume l damp 
Ikel]-fe l e:r.ent6 Il(ul ,I.'TD lu) ,I l u , , E iul , A (U) ,r lui 
. 
v-dcon(u ,l ) ; 
w_dcan(c:,2 i : 
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% apply :;'le 
~ ~ :l de~er_", r.:::ws 
5(:, : 
"'? :S C[,· 
1< t ::J delete C0 1l.;':<1"] 
I [; 
I - I]; 
- (j ; 
% cal l tile Lmction c:a l. <.:u'-at'" eigenvecto:-s a n d elgcnval"es 
~ .;1-.i c;") a:-e t .le s;"a>les and --Ind:J.m-,l<=d rdtlltal f:::"e G'Jency i n 
~ : rad/s,"Cl '2 
, 
l al'lbda . phi] ~ fgID0des ('<.g . ;rqi ; 
~ this now converT S :;he elg envallle~ to ncit fr equency i" I:-ad/sec 
% )lertz (llseCI 
o01e'1a ~ sqr t I l an;')-..c1ai; 
freq - o"'ega/ (2 ~DiI : 
, 
% tl: e trequency respo<lse plo- over the t' reqt;encics 
for (omega_ .l: .:! : 5J 
* this determine>; the c;oordina:e of inl reSt plot 
KK{countl=HI8,H) ; 
end; 
% This is the data file for tile finite element prcgram. 
, 
% the da:a ' .. ill be in 
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~ E you:-:'l S -'cJ.·~:\. s p s' 
\ (: area. '1'-:::-.e::: :) ~ ~ :le :- ~:. -3. '- :"'i ' ~ 
% A, c ross sect i cna~ a ~ea i.,, ';: 
% c ::; l". ct1;.::: ~ : v i t y [ tb? r.c je C<.)~.r.(, C Llon n' a.p~; "g I 
% r.od e c cc -:::Hniltes : ca rtes :' an cco r ctinat es f :) :- each :;ode i 
% i bb l p ro;:-or t:'c :--d l damD i ng c o ns tant 
, 
E : J.; , . . 30 ):, "i ~ :; ) )C 3 ~ 3J J :; 30 3 ~ 3 , " 1 .. 6 ; 
1-:. ;)2 0 8 3 . ;)20S 3 . 020 9 3 . 02 0 83 . 0 208 3 .C20S3 .02 0 83 . 0208 3 . 02;) 8 3 
. 0:0 8 3 .0 2 083 . 0 :;': 09 3 . 0;::'8 3 .0; 0 83 . 0 2 0 113 .02 : S3 .02 0 8 31 ; H /l2 i:J h- 3 i:; K2 , 
h- . 5 
A_ [: 1 1 
'...,.DK . 2 3 1 2 _ ~ 1I 32 . 28 3 ~ .2 83 2 . 2,,32 . 28 32 . 283';: 
. 2 832 . 21\3 ; . 2 832 . 2832 .2 83 2 . 28 32 .2 d J 2 i; 
9,10; 
1 0, ~ 1 ; 
U ,l3; 
1 5 . 5 ; 
1) , 1.2 ; 
1 5, ~ J ; 
% th:~ determir.es .... :"!at el e me nt,> r.av e d a rr.p :'ng 
dCO:l~ {l . 2 ; 
2 , 3 ; 
4 , 5 ; 
5 . 6 . 
6 , 7 ; 
7. 8; 
8 , 9 ; 
9 , LO ; 
15 , 5 ; 





the f init e ele~eIlt prog'am. 
% 'Phis is the data fo r the Modif ication 
, 
II t:"1 e da.ta. wi 1 1 be i n ;:he form ot 
% 1£ ) youngs nxulus p si 
% I I i d:::"e<l cr,o me:lt of inertia in '~ 
% (AI cross sectiona l area. 1n-2 
't c onduc tivity [ the nxe coc.nection IT,aDDing i 
% n::xje <":oo:::-dinil.tes r carLes ian coordinate>; for eac :"1 !lode 1 
% ihb: proportior.a l damo:ing constant 
£- DC ] · L.,6; 
I=l . 0 2 0BJ J ; 
A= [~ i; 
WTD- l .28J 2i; 
cco n- ; I , 2] ; 
, 
c Q(l r d-l'1,8; 
C, 4 ' ; 
BC~ [1 ; 
what p.lement Od ILave dampi ng 
i s ~he dat a file f o r t he main st ructurp. t o be n,xlif iec' .. 
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t .l".~ 1at.l wi-, c .. :~. - ~.'" :~,:".f 
% s. y0 .. r.gs : ~.Qc. '_~"S ~S 
\ : 3 :"ea ;:':;:""€:-.:; O~ ::: "':: ~ ia :.:: ' ~ 
% IAI cross sect ional a::-ea i,,'Z 
'\ c::::ctuctivi:y , t r,e r.octe ::::;;;.;:ect i.o :l mapping I 
.. n=;je c:;c:"j~na~es cart:esia:l coordina~es for eaC"~ ncde : 
.. ,::'0 - J::-:;;c:,-:: ::a: 
, 
F. ~ l 3 0 ]; l 3':)') ;'0 3~ j ~ L 3 3 J .. )0 3D )0 )0 )0 1 • te6 ; 
I - I .nos; . 12l'D . O ~ 083 .C: ~6 3 . O ~ 0 eJ .0:083 . nOS) . ~:'J a3 .':208; 
. };; ~a3 . n~ijJ . ~ : J 8) . C: 0 83 .C :~8J . nOBl . 0:083 .02083. ;'L/:.:c!:'J 0-:' . 
A- _ ~ Ii: : 1 : : • : 1 ! : ! 1 ! I; 
WTD-( . 28)2 . 283: . 283~ , ;SJ~ . 2832 .:8n . 2832 . 2e32 . 28] 2 . 2832 .:.s, .. 
: .. )2 . 2832 . 2832 . 2.;)2 .2832 . :832] ; 





1 , 8; 
B. 9 ; 
9, ~ 0 ; 
10 , 11 ; 




H . tS ; 
15 . 5 ; 
13 .1 2); 
% this determines what elements have damping 
deon- [ 1 , 2 ; 
2,3 ; 
4 , 5 ; 
5 , 6 ; 
7 , 9 ; 
9 , 9; 
9 , lQ; 
10 , 11 ; 
12,1 ; 
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aC- :I ; 




% Thi s p rogril '" ", i ll modi fy il s truct u r e by a dding a beam e lement. 
. 
, kl, ,1".1 ac e stored here 
load e X4b . mat % k2 , m2 a re stored r.er-e 
MOe 0.'\1'4 , -
% we need t o parcion t he H ~an-ix of t he stC'.lcture to he 
% modifiC!d en t l'.e followi ng w,1y 
. 
% [ i i i ic I 
l ci I cc ) 
[heel - [ ii ic 
c i cc I 
[heel - I ic 
00 I 




for co:,,~a .. . ::.,j:S3 
~ .~ .::. :::::1 ; 
h' ce,c:: I; 
. ,~' ~-;.::C I ; 
~ce .. 11".':::: , i c ~·cc,cc j; 
'Il t:'1i8 is f:)r adding a r.or-pcnent 
hees~ilr .. hee . hec • ,-nv :::v (~I - heel • hce; 
, ;:;" "8 is ~cr remov:'::g " ;::o:,",O'onen1: 
%heestar .. hee . hec • invlhcc . inv!z)) • heEl; 
HH ( CQUn: )-heestar(8,SI; 
end; 
etimelclock, tO) ,flops 
Comega- .l : . 3: 53 ; 
Freq-Comega! 12 ' pi) ; 
plot (Freq. 20 0 10g ( HH) I • grid 
x label ( . Frequ ency Hz ' ) 
ylabe l (. FRF at coordinate o f incerest dB . ) 
· 
% This is the data file for the synthesis prog ram 
% the fo11Q.., in9 data will be provided by this file 
· 
% ie ' int:ernal coords of synthesized st ructure 
% ce- connection coo rds of synthes ized structure 
· 
ie_[1 2: 3 4 5 6 7 8 9 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 
)0 3t 32 D 34 JS)6)7 38)9 4 0 H 42]; 
CC- [IO II 12 4 3 44 45 1 ; 
· 
% en~er- the number o f unrestrained nodes of the syntl'.esized 
% Structu r-e 
nodes - 15; 
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ln ~ : ineels;'Hdam 
e ~genva l '.H" s, e l genvecto rs 
and frequency reSDOtlSe funct.io n 
treedor:1 a ~ ed eL nod", ", ~ ement . 
w~ tr, beam eleme"ts tl',.> t are 
J. I igned en the s a me ;:>lane but at any a:1" l", 
~ TLis prograr1 WO~:.cf; for a e1 • ..r."nt model ed '", et~ s :'x "e,,;>ra l 
~ coord ina Les a<1d thus six iXlF . 
- - 0 I I 
i t he user musr en:er t.he fo1 1<:Jwi r." ddt a to meer. tr.e beam cO:1f : qurat co n 
1< youngs :1'.odulus DOl i 
~ ill a r ea mo:nen: <:J f :'nertia in ".;. 
~ il"ITD) w" i"ht d e nsity lbf!in"3 
% c ross sectioT131 area ;'n '2 
% e ond:Jc t ev :' ty [ tile nod ", co=,ecti o n :r.a.DDing 1 
'" node coo r di ni\t es [ car tes i an coo:::-dinates tor eacll node 1 
~ spring-da<:lper cond1.!ct~vity 
% O:;b) propon. i.onal damping C<:JTISta.nt 
% 1.3,\ viscous Droj:ort ional dar.tping ccnstant 
~ : k) spring constant 
% 
% e,, 1 1 the data :i Le 
minlbJ1 1sprda[;1 das 
, 
~ time <1nd f loating poir.t c a lculations 
cO-c l o c k; 
f1op!'>,()) ; 
, 
a =size(con:, ; 
nu:"el-i\ (1: ; 
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t ~a_c'.l:a r. e : :H? :'l'.lrl:;e :- ;:lea," e ler 2.-. ~ s pcr;l_r:~ ;:r.il :.Y ja;;-.ped 
aa~ s~z ei :::' ::;'::l!l ; 
!l '~ :l'~ ~ _ jal:'p- a a ! ! 
, 
~oc rd-coo :c:l ' c2 ; 
, 
" ca :c\,: ~are ,: r.t' team elcmen: ,-eng t hs and beam a:>gl es i l". radia:li; 
:':-C::-.I i. lJ ; 
rD- co,-,ji . 2 , ; 
°2' (coordII:J,2 ) -coordC!C,21) ' 2 ; 
t ( 1 , i) -acos (absIDX ( i ) I /1 11 , i)) 'pi ; 
else 
ti l. i i =a ca s(at s( :;Y (iI ) /lO .i )'(3 ' 0lL!21 ; 
e nd; 
end ; 
! calcu la te radL l.l. s of gyra ri.o:> 
% create t he gl oba l ma rrb: ' .. hicr. is all ze::"oes . 
. 
% assemble the elemen ~al m<ltr icies to t"e q1000l =t:r i x . 
, 
f or i-i ::>umel 
(k e l ,me l ] =f e l t'me:1c 6 ( Iii ) .·..r.D ( i). I Ii.) . El i ) , Ai L) , rlil • s I i): . 
, 
v =con li , U ; 
,.,..con ( i , 2 1; 
, 
III 
= "g' ]*v - .· :i ·V, .j ·v - ';:: J •• J 
~g i3 ·""-~: J *,,,·, ] · v<:J*vl '" 
k;(3·",,-2: 3 -w,J · w · 2 : J · w; 
~ -:-,:is s e~·ti on ..,il l dPD~·{ structural proD . di3.mp~ng to til e k 
and set <;"'cba L :... r;1a t:r i x to equal da:nped O"'a.tr ix 
~ ca l cula t e the beam elenf>n~ length" ilnd beam dng ~eS in r adians 
t fCT t:l.e damped beams 
co r i-~ : numel c.il.,:tp 
IC_dc:cn ( i, ~;. ; " 
1))· 2 · 1<::00 rd(rD ,2) cocrdIIC . 2 1 )021 ; 
elseif DX (i i( O &. DYil.\(-O; 
t (1 , i: - acos (abs (::lX( ii ) /1 ~ 1, i:) '>:i; 
L,' _ acos lacs(DV ( ii i !l ( 1 , i)) + (J ' pi/2) . 
eIld; 
And; 
~ ca.lcu l ate radLus of gyr at-ion 
kqd -:<eg ; 
fOl:" u- 1 ,mme l _da.rnp 
rkEll- f elerrenr6 ( 1 (ill ,WTIJ (u) ,rlil) ,E (il),A(U) , r(il) , cluJ 
. 




k 'l;!;) "'" ':,3 ' ''',) " ''''- :: ) '''' ; .. ;:g:i :; ·w -;! ; ) ""'.)""' ·<: : ) " "'" • j · !:lb · ,{e ~ .4:6.": ~ 
· , 
! ~:::~S sac·;' ~:: ,,.,till co:mect a spring -damper sys ~ ",[J' 1:0 !ehe g.~cdl 
% s:.!f f r.ess r-<l~::-ix. the spr:'ng-damper sy»tem is made up of a Sf': of 
~:1. ::-e ... ~p::-'.::g s oa r.a dcmpers that ccrrespcmd t o the deg!:"ees of freede::-
~ at a :-.:-,e. :t iI :~ac:-_ es to the global sti:fnes5 rna:, ~x based .:: t:: .-
! s"~ ~ :1g damper connectiv::y . 
, 
i<:g;is - kgd; 
d .. size 9::::;0:1: ; 
:1:';:""Sp'l' .. ad l ; 
!::r ::0::-.e9a- .• : . 2 : 50 
!:Jr !_: : :l"",~.spg; 
. . ~dSpL-g . _: sOlrnqdamp l i< . j J ,Co~ega, B j j)) ; 
, 
x - sc.conlj, 1) ; 
V- sdccn lj , 21 ; 
, 
kgds ( ] "" : ,J - x . ) ' x-2: ] ' x ) .. kgdU - x ' 2:)"x, 3 'x'2:J ' x ) • kdsprg (1 : 3,l:J ) 
kgd513"><-2: ) * >< , ) ' y - 2:3 ' y ) .. k9d(3 · ,,- 2 : ) ·)( ,) · y -2 :] ' y) • kdsprq(1 : ),4: 6 
kgds!3 ' y-2 : ) ' y, 3 ' )( -2,j ' x ) .. kgd(3 " 1'-2:J "y,J " x- 2 : J - x) • kds;>rg (~:6 .1:3 ) 
kgdslJ - y - 2 :3'y. 3 " y-2 : 3 " y) - kgd O - y-2 : J " y .3" y - 2:J -y ) + kdsDrg (4: 6,4: 61 
,od 
· 
\ aDply the boundary conditions 
t the user must adjust the global matri x t:o meet the boundary cond i tions 
, 
\ to delete ro .... s 
kqds((BC), : ) - [I; 
mg( (BC' .: ) - (] ; 
t to delet:e columns 
kgds ( :, [BC )) - l l ; 
mq ( :, (BC ) .. I I ; 
, 
Z-~qds-Comeqa - 2 o mq ; 
H- inv(Z) ; 
· 
HH (count: )-HI8 , 8) ; 
end; 
· 
[lambcla , phil-fgtllOdes ( kgds,mq ) ; 
%; this r.ow convert;s t:he eigenv"lues to n"t f~equency in ( r"d/sec ) "nd 
% hert1:(l/sec) 
· 
omega .. sq~t Ilambcl,,) ; 
:req _ omeq,, /(2 - pi: ' 
, 
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• ~ lops 
y l a t 5 _ • !,Rc ii[ c:oc::-c.inate Of int",rest dB 
, 
, ~ 
[1i nihul1s;o r dam_ cata5 
mapp inq ) 
I cartesian coo::-uina::"s for each noc." ] 
p:"c>,or'ticniil daIrJI;i Il" c:ons :ant 
(k) s>,rinq con$tant Ih!';/~n 
Drcpor~ i ona l ddmpinq ccnst_dn: 
£ - 130 30 )0 30 30 30 30 :10 30 ]0 30 30 30 30 30 30 30 30 ] * 1e6; 
r - [. ) 1 J83 .020113 .020113 
02081 .0~0::;3 . 0~OIl3 .02083 .07083 ,02083 . 02053 . 0:053 ] ;% 1 /12bh ") b - 2, 
h· . 5 
A-[l 1 1 1 1 1 1 1 1 I 1 1 1 1 1 1 1 1]; 
Wl'D~[.28)~ .2832 .2832 .7.832 , 2832 .2832 , 26.12 .2832 . 28.12 .2d32 . 2232 
.;; 832 . 2832 . 28 3~ . 2832 . 2632 . 28321; 
B- [ .Ol . 01 . 01 . 0 1 ] ; 
", ~; 2S 25 2S 25 ) ; 
'% ll0::CP aa",p 2~ 
'!; l bs/i n 
~, 5 ; 






% s:ructu~al !Cc~p dd".p 2% 
134 
c.C'C'l- i 1 ,2; 
:,3; 
3. ~ ; 
4 . _' 
S . ~ ; 
6,7 ; 
S,"> ; 
9, ~ 0 ; 
1i , 1 2 ; 
lS , L6 ; 
wha t ele,re~t5 have da.mp :ng 
% ~his i50 13(0 1:" cor~"1ec::iv;'t y 
sdcon- [l l ,13; 
, 
3::~ I: ; 
17 . 5 ; 
12, 18; 
19 ,';':; 
1 2 , 1 6; 
8, ~ 6; 
4 , l6 , 
0, 12; 
8 , 8 ; 
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11. 12 ; 
12 , 1]; 
% ~his de t e:cmine s ",hilt elements have d iilTlping 
dcon- [ 1 ,2; 
12 , 1 
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r.ode I 
~ ,e ; 
0,4 ; 
, 
,,~- I ; 
~ -:- r:;' s is ~;,e data fiie for- ~!-.e i:'~'1 er s tructu .-e to be synt/'.esi'!.ed 
. 
\ :::-:e :tdt<l ·" ill be i n "':e form ot 
E) youngs modulus psi 
( !l <lreil mor.>ent ot iner":'d in ' ~ 
(W'l'D I ... eight density lbUin") 
(A) cross sectional area in"2 
. conductivlty [ the node conr.ection milpping I 
node coordinates I cdrtesian coords for each node in ft. I 
% the main progr-ilm ... ill convert to in . 
% . bbl structural proportional damping constant 
. 
E-:)O )0)0)0 30 )0] ' l e6 ; 
I -I .02083 . 0209) . 0209) . 0 208) . 02083 . 02093) ; \l/12bh') 0-2 , 
A_ I I I I I I II; 
WTD .. 1 .29)2 . 2832 . 2932 .2832 . 28)2 . 2932 1; 
con- I I . 2 ; 
2,3 ; 
3 ,4; 
4, 5 ; 
2 . 6 ; 
4, "71 ; 
%; this determines ... hat elements have damping 






coord- IO ,4; 




0 , 0 ; 





~ i. ::ad da ca ~!cm rU!l11i!lg 
0; The" and M ma trix 
% He C1eec LO <::re,lte a sing l e ??F [;121::"-')( r eprcsen, ing 
subst.nA<::'''-1 res in t.he fonr. : 
So '-Ie creat.e a,,-rays cont.a:71ing t.he DOt :l'-1rnbers ot our 
mcoels ""llich corresponc. Lhe t he ·c· and ·i· coorci"ates 
" .each subs t. ruc ture . 
% ca ll t.he syr. t.hesis da t. a file in no", '-'O"lich con,ains the 
~ int erna l coord i71at es and con."lection ccordinat.es for eacn sub 
~ il ~ i nternal c oords of sub st:::-\.:c cure 1 
l; i;'~ internal coo:--ds of sub sc :::-ucr.ure 2 
% Cl - cennectien coords of sub st ructu!"<! 1 
% c2 - conr.ect ion coords of 3uh structu re 2 
FR5" _ Indsprcam _dataS 
LO - clock; 
flopS (0); 
for Comega- . I , 
ceune-count. L ; 
b-size{cl) ; 
Fr€<.r.le71<::Y Re s ponse Models for 8ach Subs tructure 
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d_size l c~ ; 
OIiI - OI I ~ I ; 
bl:;-C \ ~' ; 
Re:rember, I<I e are crying - " calculate the !Ol~';:: ·"' lng: 
~:ee ' _ hee hec ' M • inv~zr • heel' I • M' • hce 
::::,::,r - M' • hee " M 
zr _ ;::r:vI MI • z " pinv M' ) · .. hieh is just ident:ity ",acrix size 
) times the number of spring darr.p systems 
t So we need to assenble rr~ee) , [t~ec l , [hee ] and [heel using the 
the coord inat e sets · ... e JUSt defined . 
-:'hese Matrices contil in the e"RF data for both substructures 
t prior co coupling, i.e the pre· synthesis FRF data 
Coord inate Partitioning 
t Build up uncoupled FRF matr ix and sub -partition s : 
::ee _ [h:' l il ,i l) zeroslaa,ee) hl(il,ell z ercslaa , dd) ; 
zeroslcc, aa l h21i2 , i2 ) z e coslee,bb) h21i2,c21 ; 
hllcl,il) zeros (bb , ccl hl(cl,cl) z eros(bb , dd) ; 
zetos (dd,aal h2~c2 , i2) z 8tos(dd . bb) h2(c2,c2)j ; 
, 
hec ,. (hlIiL cl ) "Il eroslaa , dd) ; 
"Ileroslce,bbl h2(i2,c2 ) ; 
hlicl.cl) z eros (bb ,dd) ; 
z e cQs ldd,bb ) h2(c2,c2) I ; 
[hl(cl,cll "Ileros( bb, dd) ; 
zeros(dd,bbl h2(e2,c2) I ; 
[hllcl , ill zeros l bb,ce ) hl(Cl , cl) "Ileroslbb , dd) ; 
zerosl dd,ail ) h2 (c2 , i2) z eros (dd,bbl h2 (e2 , e2) ] ; 
, 
t We ean now pel' ~Ol'm the syn1:hesis ; 
z l' - (Io; • j " Comega *S *k ) * e y e(l2) ; 
heescar - hee hec ' M • invlinv(zr) • hccr ) * M' • hce: 
HH (countl - heest al' (8 . 8 ) ; 
end ; 
etimelcloek,c O) , flops 
, 
Comega - .l: ,2:50 ; 
Freq-ComeYiI ; (2 "pi) ; 
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00; 
001: J J -1 J 
0000 Co C::; -1 
n -1 D 
:):):):) -1 Co II 0 0 
CO; 
000000 C 8 -[ 
o c 0 
Co Co Co Co 0 0 0 0 0-
~ J Co 0 0 0 J 
'J -1 ( 
1 C J Co 
k- 2c,; .. "p~inq 
18 19 ~o ~1 ~2 2, .c4 2S ~6 2" ~'j "~) 
~6: ; 
B-. ')2; l viscous c",-npiq, ccr_sta.n= 
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APPENDIX F MATlAR COOI:~ FOR EXA~IPLE SIX 
C . J ; 
, 
c: a : ~": at e ~ y..e ei.ger.va :"e s, 
a~'J 'r!)q t.":'.cy !"es "onse :·.l " ·~ ~ ~ ~ r. :r.a ~ -:-i. x 
.~ The sy9 :.e:". is TT>:Jje l ed ""; t n bea.m elemenr.s t hat a ce 
~ allgned i n Sil me pla r.e bu t a r. any ar.gle 
% 
% '[' n is p r o;;ram · ... orki; for a bean 
~ coorcinates an(, thus cor . 
\\ rhe must .. n t er --:..., ,, followi"'l dat Oi tv meet 
% yo\..ngs modu l uS psi 
% II) area mo,ren r or i ne ,r i a 
'i5 (' .. "rD) ' ... e~Cjht dcnsi t y lbf/in', 
\\ iA ) ",ec:tional area in'';: 
% conduc r. ivity [ t'le "ad" conIleCtior: mapping j 
general 
confi gurali o n 
% r.vde c o ordinares [ ca rt csian ccordinar (? !) for each !:ode J 
% sprir.y"dampcr conduclivity 
% : ki spri ng ccnstant 
% (q) vLscous frequency cepenne"t damping cc:>effLcienc 
, 
.~ call tr. " Cii t a fi l e 
r"1inihu \ I spccam_ c:17 
, 
'" c,1 1culare the numbe: of team e le~ent s 
rC ~c lock; 
flOOS :0); 
a~ siz.?lc[)n) ; 
r.umel-a.l l i · 
, 




% : :Y1Ver ( ~!1e ;:;oerd i:-oa ;:.es i n t .: ~i'.f' co r'e<.~ u n'_ ts . in. ' 
cco:-d-cocrd * : ::: ; 
% c<l 1c'-" l <1,_e t he bE-am e le!J".ent lengt'1s and b E-am a ng l es i:l r adia:lS 
for ~- l:n· .. ",e l 
lC- c::m ! i, L' 
'- l, ~ = s;;: r ~ : o 0 r dlID ,ll 
~ l( { iI ·coordiID, l l - c oord n e , l i; 
DY i l )-C00rd (ID , ~ I - coord(I C ,2i . 
ti l, ii -acos (abs I DX I ii 1/1 11. i ) 
else 
'2+ leo'crd :ID, 2 
ti l, i1 - <l coslabs IDY I i 1\ /l (1 , ~) I · 1) *pi /2 ) ; 
% ca lcu la C(~ r ad i u s o f gyration 
f or i - L: numel 
I' l l, i) - sqrt I ! ( i ) / A (i) I; 
e nd ; 
% crea~e the gl o bal :1I<1~ ri J( ""h i ch is a l l z e r oe s . 
% 
% a ssembl e tf,e e l ementa l macri;:; ies to the gl Ob a l matrix . 
% 
f er i=l:"umel 
lk e l,mel 1- fel e men t 611 I i) ,WI'D l i ) , r I i) , E li) ,A ii) , r (i) ,c l i i , s I i ) I ; 
, 
v-cen l i , l) ; 
_cen ( i , 2 ) ; 
% 
kgD * v 2:3 *v,) * v - 2 , ) *v ) ~ kg I3 *v - 2:3*v ,J " v - ~,3 " v J 
kg I J " v-2,3 *v,J * "" - 2: 3 ~ "" ) _ kgIJ"v - 2: ] "v, ] " "" - 2 ,) *",, ) 
kgl) ·",,- 2 : ) *"" , ) *v- 2:) * v) - kg I3 ·", 2 : 3 ''''', 3 *v- 2 :3*v) 
kgI 3'""- 2:3' ''' ,3*'''' -: ,) *,,, ) _ kgi 3.", -2 : 3 " "', 3""'- 2 : J *""1 + 1<el(4 : 6,4:61 
% 
mg iJ *v - 2 : J ' v,3"v-~,3 * v) ~ mgl)*v-2:J · v,) · v - 2 : 3 * v) + me l ( 1 : 3, l : 3) 
mgl) · v - 2 : J"v,3 " "" '2:3 · "'1 - mgiJ ' v'2 : )" v, 3" ",-2:)*",, ) 
mg { 3 * "" - 2 : J ' ",, 3 *v-~ , J *v ) _ mg {) *",'2: 3 *"' , 3 ' v-2 : 3 " v ) 
mg I 3 *", - 2 : 3 ""' , ] *",- 2,3 *""1 - mg ( )·", 2 : ) · "', 3 *"' · 2:3 *· ... ) 
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~ ~~e ;;;pr' r '] -da mper 
\ 
d 3 si ze : sco~' ; 
::,-,~. s;>9' - J ll) ; 
Y - 5CO:",: j , 21 ; 
, 
,comega,q l j ll ; 
t ilQp l y the bO Ci ndary conc1iti o<"ls 
-'-.C' degrees 0: fre edom 
'" the use r must adjust the g l obal ma trix to mee t the hcunda::-y cond~ r. ion5 
, 
% to delete 1'0"'5 
% call the func tion and calculate eigeovectO,s and the e i genva l ues 
% ",hi ch are the mode shapes and natural frequency i n (,ad/sec) -) 
, 
% n o", convert tl".e eigenvalues to :lar. f requency i n (rad/sec ) a:ld 
% hertz Ilisee ) 
omega - s qrt (l ambda ) ; 
freG _ omega/ I) "pi); 
Z-kgds - ('omega - 2 0 mg : 
,, - invlzi; 
, 
HH (coun t )~H ( !I,!I ) ; 
end ; 
\43 
') cimelc iock,t .,") [ 10,:08 
ylacel ( ' FRf' a~ c=rdinate 
, 
fi:1it.e e l emeEc proqrarn with 




% - youngs ;r,odu l us 
1W'r:J) • ... eight. density 
(A.i c t'oss ,H'ct;cnal a rea 
- conduc t iv;'ty the " o de cQfL,ectiQn rnapp:'r,q J 
- node coC)rdinates I cartesian c o ords foo:: each. in ft . ] 
the main ,:or'ogo::a", , ... il ~ conveo::t to in .. 
de,:oendent vi sco'-'8 damping coef f:' cient 
3038 JO 30 30 30 30]0 J O 30 JO 30 30 30 ]" le6 ; 
T-[. OlOd] .02883 .0 20113 . 0208, . G2083 . 02 08J . OlOd3 .02083 . 02()83 .02083 
.U2083 .02083 . 0208 3 .02083 . 020113 . 0208:1 . 02083 . 0lO!d] ;%-1/12I:;h ':J 1:;= 2, 
h=.5 
A=l l L IL L I 1 .i. I 1 1 1 1 1 I 1 1. 1 ] : 
WTD-1.21U2 .2d 3 2 .2<1 32 . 28:12 . 211:; 2 . 2832 . 21132 
.2 83l . 2832 .2 1132 
q -[.l . 1 .1 .11; 




6 , 7; 
10 ,11; 
1 1. , 1 2 ; 
12,l ; 
13 , 14 ; 
.2632 .l83 2 ]; 




15 . _~ 
«; . . 7 
H, d 
! 5;:::-' :".<:: - ~ ~.r.e:-: i Of: t y 
s: :l :-.-l.~ . _, 
BC-U ; 
17,5; 
.2 . • 8; 






16.4 ) ; 
\ This 19 the data fOlC the finite e l ement progra.m ',d th three 
\ degrees of freedom at a node . 
, 
• . 
\ ",he wt.! "'i ll be in the form of 
% - (E ) youngs modulus psi 
% • ( II are" moment of ineft i a in'4 
(WTDl ""e ight density I bf/in'J 
( A) cross sectional <lrea in'2 
'II - conductivity [ the node connection rl13pping J 
\ . node ccx:>rdinates [ cartesian coords for each node in ft. I 
ehe main program ",tI l cO:Jvert to in . 
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;::~ . 3 0 3C 30 30 30 J('; -' 8 ] ~ 3~ 38 
:-l .02 0 83 .0 2 08 3 . 02 0 8 3 
. J : ~;; 3 ,~ lj 12 60- 3 
l 1 ~ 1 1 1: 
. 2 8]2 . 2832 .2 53 2 
6, 1 ; 
1 2, d , 
eC- l! ; 
~ This Ls t he data fo r t he :cirrite ele:nent ;J r ograrr. ;oit h t ~ree 
"ll deqr e ps :::> f freedom at a :lode. 
% 
---0-1 ' 
'~ lhe data ·", i l l ~e i n the font. of 
% - y oun g s :nodulus ps i 
% - (Ii a rea rronPn t of i nert i. a i.n - " 
% - (wrn) ' .. eight del'.sity lbf!in ' ] 
'AI cross sectional ar ea in ' 2 
conduct~vi<:y l <:he n~e c:::>nnectlon maDP i n g J 
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3J .·105; 
G~OA J i b~:C, ::= . 5 
" ~ . 
% LOad data fro< r. :::-clr_"1inc; ,-,roi:uieel pn.Jgra:n for each 5uOscructu,,-e . 
% The K :ll,d M :nat,-ix for e,,-ch suostructu,-e is saved . 
-% ;';1 m~ are s l ored he re 
% k~ m2 dr>! sroreci here 
';Je "e",,, to c::"ea t e d si"g~e F1!i'" <r,at r ix repreo;entinq 
% both substn.:.c t'-'r"'fl in t h'" form: 
[hee l '" [h :i. i ) I 
I h(::::,C) J 
So '''e create arrays contJ.inin" the DO: m.llllb"rR o f c ur orLg i nal 
rx-dels .. hich currespond the th" 'C " «nd "i" coordiroates for 
teach subst_ructure. 
~ cal l the synthesis data :' i \e i n no .. wh ich cO:lLa i ns tlce 
% internal ccordjna~es and conr.f'Ction cco"d i na~es fa, 
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't i 2- in:err_al 
= 0 -
f LCP S (01 ; 
fur Cor1e<,;et - .1 : 
Fon~ PreqLCency ReSr;o nse t10de l s tor 
z;-'<.l Co[~e'la ' 2 - m 1 ; 
z 2=k2 - Comega ' 2- M2 ; 
h1 ~ lr.vlz l 
0l) -i!:v<.z2! ; 
a~size l l11 ; 
b=>s i 2C~ I c 1 I : 
(: - siz'Oli2) ; 
d~c;ize Ic?1 ; 




R .. membe:::, we "r .. t rying t o c ale'J latf> the fClllc wing : 
hE .. - - hee - hee - M - i nv:zr + hce::: ) * M' • hee 
hcer ~ l-l ' * h ce * M 
zr - lJ,-'lV(C-:,' • Z * pinv:~'1 whi ch is jus: the idcr.ti r_y mat r il< slze 
) times tr.e numbf'r of >;pring damp sys tems 
So we :leed to assembl e (hee], (:'ee ] , (hce] il:ld (hee l using r_he 
the r;Clordinate set" we just de fir_ed. 
% 'I1".ese matr i c es e cnta i n the FRF da ta fa:: x:h s\lbstruc tutes 
1; p ri or La coup li:lg, i.c the prc · syp.el"'.('sis FRF dala . 
Coordi 'lace Pare i t ionir.g 
Cluila 'Jp uncoupled FRF miltriK a nd sub · par t i1.- i ons, 
hee _ [hll il , ill z f'roslaa,ccl h l li1,c1) zerc~:aa".ld:; 
z e r o"(':;C,adl h~(i2 . i2) zercs~ce,bb: 
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~ "t"; ,~ . ::'1; , iel 
z et";; s .ji ,ail' 1-.': c~, :' 2 ' z e :-::os dd , bbl h.: C': , ':: , 
::. <C1. c:: z et"::os lbt, :):! . ; 
2'", >l ct.d, bb l h~ LC~, -:-: I ; 
~._ Cl , i ') ze,cs l~::;,;c ) hilCi , Cl) zercslcb,cdl 
z "'=- ~S , j;':L iEI. ) !l.2 c ~, zer-os ldd ,bb ) h::~~, c)1 
• eyel . 2 ) ; 
h-:- Ct" - M' • hcc • M; 
:-:'eeS ~ ilr _ hee hec ' M • i!".vi i nviz::") • hec r • M' • hee ; 
HHlcount,~:-:'eestar:8,81 ; 
e ~.d ; 
eti :nel c lCic J<., cJ L , flo;)s 
,gri.d 
y l abe l ( ' F"1<;' at CC>Qrdinat e of :'nterest dB ' ) 
'" The fo~~m .. i.ng data will be 
% 
- ince:na 1 cco::"cts sub stnlc ture 1 
interna l coord5 sub Stnlct\.'te 2 
% c1- co:o.-:leetion coord;; sub structu r e 1 
% C2 ccr~ectlcn cocrds sub s~n;.cture 2 
:'L ~( l 2 3 1 56 ? B '} L6 17 1 6 19 20 n 22 2 3 24 25 26 2? 28 29 301; 
e L- ( 10 11 12 13 14 15 3 1 32 J3 3 4 35 3 6 1; 
i~ _ ( 4 5 6 7 8 9 ) 0 11 DI; 
c2- (1 2 3 13 11 l~ 16 17 18 19 2 0 21 1 ; 
. 
% the fo l : c wi ng i.s the milppinq ~atrix 
% the :rapp i.ng mat::"ix is not gene::"al il nct is 
% Cil s e specif ic 
, 
M- (ey e 112) ; 
o 0 0 0 0 0 -1 0 0 0 0 0 ; 
00 00000 - j 0 0 0 0 ; 
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, 
00000 -I e 
Cl 0 0 - 1 0 0 GOO 0 
0); 0 :. 0 0 000 
o ;) 0 - I 0000 
:;:, 0:) 0 0 0 -1 
J Q 8 0 0 0 0 0 0 O · 
- J J 0:):) 0 :) 0 
. : 0 COO 0 oJ 
CO:) 0 0 J 0 0 0 0 
- L 0 ) 0 0 r. 0000 ; 
% sp!Cing cons~ant and damping coef!"ic ie;l: 
je- 25; 
ISO 
\PPE'\fDlX G \lATL;\B conE fOR [XA,\lPI.E S[V[N 
~ ": i.s Drogram wL~ cai.;:u.ilte ::~.~ eigenvalues. e1genv"',..· ., ~s 
% :ldt'-lral f~eque~c~"s, and stress ~requency resp:mse ~", n ·: ~ !.:,:,. C".a:r:x 
t Eor a t:-: ree de9ree of freedom at each node element. 
1; T!".e sy!!;: e::l is t:'1odeled with beam elements that a re 
\ a l igned in the S3me plane cut at any .:ongle (2· 0 : 
, 
, T~is OJrogram works for- a beam element mocteled .. itt! si x general 
\ coo rdinates and thuS six DOF. 
% the u ser III'Jst enter the following d3t<l to rr.eet the beam co~figurat!. :::r. 
1; ( E ) youngs rrodulus psi 
15 II ) area moment of inenia ;'n·4 
\ (WTD) weight density IbUin"J 
% IA) cross sectional area in·2 
% conductivity [ the node connection mapping I 
\ node coordillilces ( cartesian coordin3tes for each node 1 
\ (beam) the beilm element of inter-est 
\ (ccl structure cO:1Ilection coordin3tes 
, (bcoordl beam element coordin3tes 
\ (cd) distance fr-om beam Center to outer most fiber 
cle3r; 
, call the data file 
hullstressda.ta. 
% 
, ca.lcula.te t he number- of bea.m elements 
a. _ size(con) ; 
numel - a.(l) ; 
% 
, calculate the number of nodes. 
b-si z e(coord) ; 
nodes-b (1) ; 
% 
, conven the coordina.tes in to the correct u:lits ( in . ) 
I5l 
%cs ord- coord * ) 2 ; 
% :;aL:: u la te tr,e b e a 'll el ement: l",,~qt::s ar:d beam a ngLes [:"! rad ians 
~ c r ~ - l :nume l 
:. , :) ; 
e ls"if DX{ iJ<O '" ~Y(\ )< - O; 
t il, il-acoslabs(DXlill Ilil ill.p i ; 
else 
t i l . il - acosiabs IDY(ill Il il i)l' 1) · pi/2) ; 
end ; 
snd ; 
% ca l culate rad i us of gyration 
for i - l : nu:l1e l 
r I1,il - s Qrt ( : (1 1 /A (iI ); 
% c r e a t e the global matrix "'hic:']. i s a l l zeroes . 
, 
kg-[zeros l nodes · J.nod es · J)1 ; 
mg_ [:l: e~os (nodes * 3 , nodes * )) J ; 
, 
% a ssemb l e the elemental rr.at, ici es ~o the globa l matrix. 
, 
f o r i-1 : numel 
[ke l ,me l1~fel ement61 1( i ) .WTD (i) , I liI .E li) ,A li ) ,r li) , cli) ,s l i ) I ; 
, 
v~con l i , 1) ; 
_co:1{ i , 2J ; 
, 
k <; ( 3 *v - 2 :3·v, 3 *v · 2 : ] * v) - kgO·v - l :J*v, J *v-2 , )*v l • ke l ( I : ),I:) ) 
kg ( 3 .. v - 2 : 3 *v, J · .... -2 ;3· .... 1 - k90 · v · 2 ' 3·v,3 ..... - 2:3·"' ) • k e 111 :3.4, 61 
kgO · .... - 2:3 · .... . 3 *v-2') · v) _ kgO ·"'- 2:3 · ..... ) · v · 2 : 3 ·v l • keI1 4 : 6 ,l: 3 1 
kg (3 ·",-2: 3·"",) · .... - 2 : 3 ·",) - kgO ·"' -2,3 *w, J ·w - 2 : 3 .w ) • k e l (4:6,4: 61 
, 
mg(3 *v - 2 : 3 · v.3 · v -2 : 3*vl _ mg (3 · v -2:) ·v, 3*v-2 : 3 *v ) • cr,el i :3, l:J) 
mgO ·v- 2, 3 *v . 3 ·w · 2 : 3 "w ) _ mgO·v- 2:3 *v . 3 · .... - 2 : 3·w l - mell : 3,4 : 61 
"'9:3 ·w -2: 3 * ",, ) *v -~: 3 * vl - mgO· .... -2 : ) ·"', ) ·v-2:3 *vl : 6 , L,)I 
mg ( 3 · .... - 2 : 3 · ..... J ·w-2;3 ·w) - mg ( 3 *w- 2: 3 *w.3·w- 2 :3 ·",) _ mel( :6 .4:6) 
'nd 
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~~CD.Y : ~,e 
t r..l".e L.ser :C'~S: 
t : J :!e ~ ~~'" t'cws 
kg lEC' . 
:C.g 
~ : ~ ::.e_ 
kc : . 3 C J 
, 
~ -3:: : :-.e ~ ,mcLi~ :: and c:a~cula:e eigenvectors and t he e i genva:'H'" 
t '''':'l i ::l " re "::e (T'.QCle s;"a;:Jes a,; j l~i.It\l ral [requenc¥ in {"ad/sec:'2 
, 
• ,a~.t(ja . cr.i ! K:'gn:ode3 (~g. "'g ! ; 
% 
% chi s converts the e:yenvalues to nat fr equency in (rad/sec) and 
t and her~ z (l!sec 
o :rega - sq" t ilarr.tdal; 
freq _ o:nega / 2 ~ D i ) : 
% 
% ca:'cul a te t he F'R? over" <' freq . of interest 
coum: - O; 
for Comega-2 : 1: 1608 
c our.t-count ·l ; 
Z~kg " Comega '2°me;; 
f' = inv (Z) ; 
% save the c oordinate of interest t o plot 
HH(count )-H(l, 
% 
% Chis port i on calcula te " the s:res s FRF in a g ive n elemenc 
% 
KEL-H(: . c c(i) ) · 
HELR_ HEL(bcoord . : I; 
HLOCAL='l'n;1,at r i x - HELR; 
NQ[)EF_ l<el _KLOClI.:..; 
scress (1, i) - cd!I (beam) - MEQ- uODEF; 
e nd; 
S:reS8 ICOUllL I-s tress (l . ) j ; 
. I (beam) • E (beam) , A (beam ) , r (beam ) ) , 
% this i s the e nd o f the st ress FRF cdlcu l acion 
end ; 
comeg3-2 , I : 1&00 ; 
E'req-Comega! ( 2 - pi) ; 
\SJ 
i.s t ho da t a for r_ h e finite e l eHlf' r.t proqriim. 
data -",'-l l be :':1 t he f orm of 
i ' E I your.gs modulus .. 5,--
t - {I i areii of Lrlert ia ,-,,'4 
iWTO) -"'C'ight COnil1ty "l:;f/iC" 
1'.1 CrOss secri.Ollal 3r-ea i r. ·~ 
conductivity ( the ,, ~de ma)1ping I 
r.octe cOQ::-ctinates ( c ..lt t:~sia~ ':: O::Jr:i.'l for e iich node in ft:. I 
i I)eaml the beam cf i nteres t 
1. :JcoordJ che beam. clement coordinates 
:cc) stn;.ct ur c cormect i o:1 cocrdinates 
iccil distiir.ce f::-"rn beam "enter to outer m::lst f i ner in 
E- -30 30 ]0 30 30 I 'L e6 ; 
L-:.1666 .1665 .16 66 .1666 . 16661 * l e - 3;i 1/ Ubh " 3 b<>2, 
1'1._[ .2 .2 .2 . 2 .21, 
'ffru- ( . 2B'2 .2832 . 2832 
bea:-r=4; 
cc= i" 5 6 LO I ! 121 ; 
bcoo::-d- [ l 2 3 1 0 11 121, 
3 . 4; 
4 , 2 1 ; 
coord-IIO,O; 
20,10; 
G, [ OJ ; 'Ii this is i:l lin. ) 
Be-[ ] ; 
io; t.'le da ta tor the t inite element progJCarr . 
iS4 
\ -::':' s is the o".te~ s:~',:c: :l:-e. 
, 
% ~he oa:a .... ill be i;'l ci',e foz:-m :J: 
% • ,E youngs rodul\;s psi 
% • a::-ea r"'omem: of inertia iO "4 
\W'iD 1 .... eight density Ibf!i r. ·3 
;.., C-C -:-S8 s e"ci :mal area i n '2 
. (':;~.j..;-- ~v ~::y ( :he node connecti"n mapping j 
node coordinates i c3nesian coo,cls f o::- eden node in ft . I 
the "'din pt"C'lcam will CCl'werc to in. 
::_ 30 JJ 303 0j ' le6; 
r- .:<:.;6 . 1666 .• 666 _ .. 666J " ie-3 ;'b / 12ci") b002 . M-O . L 
A- .2 . .: . 2 . 21 ; 
Wi"D- .2832 .2832 . 2832 . 28)2 , 
, 
con. r l ,2; 
· 
~':'~lCd- {LO, 0 , 
1 0 , 20; 
0 , 10] ; %t;his ,5 in (in . ) 
· Be- II ; 
· 
hu ll stressdata2 
% This is the data talC the finite element program. 
'lI This is the inner- structure . 
· 
\ t:he c!3t3 "'ill be in t:he form of 
IE) youngs modul us psi 
It) area moment o f inertia i n·4 
IWTD) weight density IbUin ') 
(A) CI'"OSS sectional area in'2 
% conductivity [ the node cor.nection mapping I 
" node coocdinates [ canes ian coords for each node in ft. I 
the main pcogcam will convert to in .. 
· 
£ - (30) · le6; 
I -I . L666 ) " le·J ;'lI L!12bh· ) b-2 , 
A- I . 2] ; 
WTD_ [.2a32 ] ; 
con-il ,2 j ; 
, 
1S5 
' .. ill c,-.lcula t e s:r e ss F?F by t :l<" incli"ec~ 
%Lcac ex8a .ma ~ % Xl. . ml a~e 3~ered here 
'Hoad! k2. 
, 
l 1i I ic I 
[ c i I cc I 
[ heel [i i ie 
t :,e H ma~"ix of the 
fo llowi.ng way. 
ci cc I 
[hec l '" [ i( 
CC I 
[hecJ - [ cc I 
% i nternal rtX)lr,ent equat ion in vec~or :orm 
MEQ~ [ 0 I I I " 1 0 0 0] ; 
Ili1col~r.ece"' · 3; 
:O-c loCK; 
flOPS (0) ; 
fo~ Come(ja-2 : 1:16QO 
c o unc _ <;:o,¥,c· ~ . 
fC)r("1 E"requer.cy Respons ~ Models :cr Each SubS~"u."tllre 
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z~ "k. - :::~::,eg d' ~ . ,.,~; 
z-.~2 ':cr"."lqa '2 - :n2; 
:hL CC,:'C , h (cc,cclj " 
~ c3 ~~I;:at. .. the scress at desire d beam 
f ':) l" i -l : n.''lcol 
~.e l-h :, i) ; 
he lr-he. Ocoord, : '; 
htocaL-'Trmatrix - hel r: 
nooa LF_kel _hloeaL; 
S 11, i 1 "c:i!r -MEQ- nodalF ; 
end: 
hse- lS i L ic\ 5I1,ccl) ; 
hsc_ [Sl l.CC I ; 
1; now ",e will synthesize the stresses 
hsestar-hse hsc ' inv '..~ v ( z) • hee) • hee; 
Hs(coum:1 - nsestarll,9); 
,od 
etirne(clock,tO) , flops 
Freq- Comega!(2 - pi ) ; 
p Lot (Freq , 20 * 109 (HS ) ) ,gr id 
Jdabel ( . Frequency Hz ' ) 
.. ::ohis is for coord 6 
ylabeL('Stress FRF a t coordinate o f interest dB ' ) 
% This is the data fi l e for the seress synthes i s program . 
.. The following data will be provided by this file. 
· 
% ie- internal coords of synthesizM scruC1:ure 
% ce - connection coords of synthesi z ed. structure 
· 
iC,"(12 31 99]; 
CC-( 4 S 6 10 11 12 J ; 
bcoord-( 1 2 3 10 11 121; 
· E_ ()O] " le6 ; 1- [ . 1666 ] - le - 3;U/12bh-) b-2 . 
A_I.2] ; 
W'l"O_[ .2832] ; 
cd.- . OS ; 
\57 
ArrE:"<IIlIX II MATLAR COD E FOR EXA.\lPLE EIGHT 
e. g : 
% 
dnd frequ<'ncy !:"e~p:mso? funct ion rr.ar.r i x 
of freedom at each r.ode eler:1en:: . 
., l ements that are 
% aligned in tli\' Same .,lane C'olt at any dngle {l-D) 
'is ':"1is p!:"og r am works fo r a Learn element modp. l pd .. ith s i x. general 
% coor"_inate~ iind t;,us six D:)F . 
( 1 . -
~ tP.e user must. e"ter the ~ol lowing dar.a LO cr,ee r. the bearr. oonfigtJraLion 
% youngs nodulus psi 
% II) area rnom"n~ 0: in"rtia in·4 
% Iwrnl " .... eight de"sity lbf/in-, 
% (A I cross sectional a!:"ea in-2 
% c o nduct iviry [ the node cor.nectio:l maDDing ! 
% nodp. coord~na~"s L carte~ian coordinates for each nod" J 
~ (bb: sr.rJctural Droporr. ional darrpi"q CO;lstant 
% 
% start t:le program cL:;ck and flops to determine program ruIming 
% time a"d floating poinr. oa l oula~ions 
to-cluc;,c; 
flO;:ls (0) ; 
% 
a-3Lze(c:cn) ; 
r.ume l-a i ll; 
% 
% ca l cula"_e the nu:nber o f beam e l ements propottiona I l y dam"'oJed 
aa-si:>e(c.co~) ; 
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:1'~~e_ j.a::1p-ail _' ; 
, 
~ ::iI_,:,u: ate the :'lumber 
b-s~z" ~o:)rd l; 
..:. ~i2sBb ~ 1 ; 
- -oev'!'rt -_~." ~"'''rdina~es in ~ ::: -he eorree t \.r.i:s :ir .. i 
, ,"iI:C'-,~a:e "~e beam e: eC'ent .e:1gths and t:eOlm ang les in ~adians 
~or t ... :r.",,:re! 
1::,*<::on· 1.1 1 ; 
r:::_-on. i,21; 
I L ~ i "SQr~ I (coord( I:1. l) ·c:..;::>ro' IC. ~ , - :. [coord \ ID . 2 , . coord . Ie . 2) i . ;; 1 ; 
DX i .. c:;ord l : O. 11 -c:;::::-d(~:::. 1 ' ; 
::1 '{ ' i. -coord I rD. 21 ·coord (::: . ~, 
i! t: Xlil> - O & D'{ :i )-C; 
- .j. , il - a.coS:::J X( i l/l, I , i..!; 
e I sl<1 f DX ( i ) (0 50 DY Ii, ~ .. ~ ; 
t L i ,-acos -~ fli lll(L ii J ~pi/2 ; 
elseif D)« ( l ) <0 s.. D'{n· <-0 ; 
~ L i ) _ acos(absIDXlil)1l . • ill-p i, 
else 




:t call trig function 
ic.s ) _ !triglt,numel) ; 
, 
% calculate radius of gyration 
!or i_I : nu"'e 1 
r(J.i) _ sQn(I(i)/A (i)) ; 
end; 
, 
% crea t e the global matrix ",hich is all z eroes. 
, 
kg- [ zeros (nodes *], nodes " )) I ; 
mg- [zeros (nooes " ), nodes * )) J , 
, 
% a sselT'.bl e t h e el ementa l matrieies to t h e g loba l ma!:rix. 
, 
f or i_l:nurnel 
(k,,_ . mell _ fllll!ml!nt6 (ll i ) ,wro (1l ! (U ,E(i ) . A ( i), ::-(1) , e(i) . slil); 
, 
v _conli , l) ; 
.... meon( i , 2) ; 
kg (] *v '2 :3"v,) *v -2 :J*v ) _ kg13 · v -2 : J *v . J *v-2 : ) *v ) • kelll:),l : ) ) , 
kg13 . v .2 : ) *v.) * .... -2 :J*"' ) - kg() · v-2:J *v . ) *"' -2 : ) · .... ) - kel(l:),4 : 6) ; 
kg ( p w'2:J *w .) *v - 2:3 ' v l _ kg- 13 * .... ·;" :3 ·"' , ) *v-2 : 3 *v ) - kel (4 : 6 . 1 : 3 ) , 
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1.')(3 .''' - ~ ;J • ..." 3 "',, - 2 : J ' -" i s ~g' 1""<: ] . -." ] • . ., 
, 
. : 3,13 
1:],46 
• mo;!i ( 'l:6 , 1 J 
• mel i ~: 6,4 5 
$ appl y St!:"uctu!:"al prop. da mping to the k IT'.atrix and set global 
1 k matri x t o equa l damped matr i x 
· % ca lcllla~e the b"am e l emenr. l engths and bedm angles in rad i a ns % 1'0:- th .. 
foe 
I C-dconii, 1); 
ID u dcon ( i, 2! ; 
1 il ~3qrt I ( c=rdII~ . 11 "coo rd ( IC,l l) · 2- (coord(IO , 21 -coord lle . 21 I " 2) : 
OX ( i l-coordl I D , 1) -coordlIC, I 
OY I iJ - coord: 10, 2) -coord ( Ie , 2) ; 
e lse 
tlj, il-acoslabs {DY(L) )11 11 , i.) ) + (J · pi/2) ; 
end ; 
% call tr i g func tion 
[c,s) -f ~r ig (t , m.lffi .. l d amp ) ; , -
%- calcu l ate radi us of gyration 
for ; -1 :nume l damp 
( (I , i l-sqrt II(i.) / A (i.)) ; 
end; 
v-dcon(u , 1) ; 
""",dcon IU , 21 ; 
· 
, AI'J) ,rlu) ,clu) ,slu)); 
k gd I J * v - 2 : ) ·v, J "v - 2: J * v ) _ kgd 13 "v - 2.; ) ' v, J"v- 2: J"v) 
kgd ( ' ~V ' 2. , 3 · v. ~ .",- ~: J 'w l _ kqd (l " V-2 : ) · v . ) ''01- 2 : ) ''01 1 
kgdO *..., - 2 : ) · ... ,3 · v - 2 : 3·v) _ kgdI 1 "w -2 : 3 "w, ) 'v - 2: ) ' v ) 
kgd ( J · w- 2 , 3 "w, ) -w- 2:J ·w) _ kgd ( ) · ... - 2') ·w. J .w- 2 : ) · w) 
· 
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'<; r.:>·~· t h e bo\",dary f" ~~ci;'~i ·~ ,.d 
~ t ilE"' 1l~E'::: C111st adj ";' 8~ tr.e 
, 
% - ;, de:'ot e ,,-c ws 
kg [Be . , : ~:I ; 
~gd 3 ~ . : - I ; 
"'.1 · : S C 
% to delete co : u r:ms 
- !I ; 
• . 1 ; 
11\11: , - [I ; 
, 
~ ;; meet : ~e b C)"..I : l ti d [" '{ cond i t i:> :"'1'" 
e i g envectors a nd the eigenva : u es 
% wh ich are ~he rrn de "hapE" and umliin"H=d :: 'I.:u:::il.l f :-e C<.J E'ncy :n 
(nd / sec ) '2 
, 
the El '1e;"lvalu es tC nat f ["equency i n i["a.d/sec 
" rr,"gil - ~qrt ( l. a:rlJdal · 
freq " orr,ega/ {2 "pii 
, 
% ccr,s tuc t thE :["e<t ..l ency regpcnse plot over tho f rcque;"lc i e s 
% of i nterest 
for COC1ega- . l: 
Z-kgd -Comega';: *'"9; 
H- inv (Z ) ; 
, 
'I; this d e tErmines the coordi::a.te of int:::ell t to p l.ot 
;!I\ (cuunt i=H i 2 , 6) ; 
e nd; 
'I; e n d t be program clock ond f l ops 
yl a.bcll · F'IoI.F a. t eoo:::dinate of lnt e r est dB 'I 
% e n d 
e lC]; 
, 
% 'rh i s »rog["am "" 11 calculate the eig envil l u es , 
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The 5yst"'~ is ,oxle ' ed · .... i tll ceam e le",encs 
an<]le 
~ T"is p r ogram ",arks fo~- a oearn c l ement rrodelcd Wi th SiX general 
% -~oordinates nr.d thu s r:OF 
i l - ' 
use~ must eneer the tollo, ... ing data to 
yQ'-1 n gs modu:us psi 
' f i a -ea mo ment or iIlert ia in' 4 
("''1'r: : wei ght density lbf/in'3 
sect ional area in· 2 
% r:o miuctivity [ tr." node connectVm rnaPlling 
the :JE'am ccnfigu r ation 
% node c()c~dinat_ es [ cartesia71 coordinate~ f or each node I 
% (bb ) st r uctura l proporr lonal daCiping c o nsta:1t 
· fxceam_data9 
ami f l ops to det"n~ine ~rogram 
t t ime and floating poi71t calcu l at i ons 
flo>,s( QI; 
· a~s ize Icon); 
numf> l - a (1 ) ; 
· % calculate lhe nwnber ot !Jearn ele~\ents ;Jr"oportiona1 1y damped 
"d- >lizeldc()n) ; 
nureel dnmp~aa! 1 ) ; , -
b-si ze Icoordl ; 
n[)des=o ( l) ; 
, 
coord- cocrd" 12 ; 
, 
% calcu l ate tI,,, beam e l e:ner.t lenJ"~hs and bealn angles i.e radi anfl 
for i- l. ;m_,-",,,l 
Ie- CO"! i, 1) ; 
I D><conl ; , 1) ' 
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".,i.. -9;:;:rtl ::::xlrd '::' .• ~'J~:-d·:~ .: -;:;. c:::crd :D .~ -coord ':C ,;Z 
DX lil-coord ( : O, II 'COQrd :~ ,l'; 
DY, il_coor1 1!D , 21 · coo r;j~:::.~ , : 
if DX l i l ) - O S. OV ( i» ·'I) ; 
: I i. i '-acos ICX l i l/l ( 1. i l) ; 
e~seif DX ! ~ 1 <0 0. DY r i »_0 ; 
_ :. -ac~s ':;y il/ l ,.,i/ 2 ; 
e 1 se i ~ =x ;. ( ,;. DY Ii , - ' : 
tIL, il - acos(abs (DX ,i 1 /1, c, i )) 'pi; 
el!'le 
':11. 1 .. acoslabsiCY I;' Ii- il.l + 13 · pi!2 ) ; 
end ; 
.. " d; , 
% 001. :1 ::rig funcLlon 
[c ,s l_itrig(t,nu mel) ; 
· 
, c il lculate t"adi u s of gyra r , ::>0 
~o,..- i-I : nu.l:1el 
r(1. __ sqrt i lli) ! A ;. 
end; 
· 
% create che ",lobal matrix w~ich is a ll z eroes . 
• kg - ( zeros(nodes ' J , nodes " 31 ) ; 
mq~ (zeros (nodes *3. nodes · ) i l ; 
\ 
% assemble t:he element3l matricies to the global rr.atlCix . 
\ 
fo r i. -I : nume l 
ikel,mel l-f e l ement6i1 11 I , W'I'Il(i ) I (i) , Eli) , A i i ) ,e li) , e(i) , sIU) ; 
\ 
v-conILtJ ; 
w- con( i , 2) ; 
· 
k.q(3 * " -2 :) , ,, ,3 *,, -2 : ) ' '' 1 .. 1< q(3 * ,, -2 : ) ' '', ) ' '' - 2 :] *'' ) • k. elO : ) , I : )) 
kg(3 *,, - 2 : ) *", 3 '", -2 : ) '",1 ~ k. qI3 *,,- 2 : ) ' '', ) '", - 2 :)" ... 1 • k. el (1 : 3 , 4 : 6 ) 
k. qI 3 ' ... -2 : 3 * ... , 3 *v -2 : 3 *v ) .. k.q ( 3 ,,,, - ~ : ) * ... . 3 *v -2 : ) * " ) , k.el( 4 : 6 ,1:3 ) 
k. g(3 * ... - 2 :) '''' .3" ... - 2 : 3 ' ... 1 .. k.g(3 * ... - 2 :3*"' ,3 , ... - 2 : ) * ... 1 • k.e l I4 : 6, 4 : 61 
· 
mg(3 *v -~ : ) ' v, 3 * v -2 : ) *v ) .. mg(J *v -2 : J " v. ) ' v - 2 :3*v) • mel(l : ) . I : )) 
mq () " v -2 : 3 *v ,3 * ... - 2 : ) * ... ) .. mg(3 · v - 2 : ) *v . J *IoI - 2 : 3 ' ... ) • mel(l : 3 . 4: 61 
mg IJ 'IoI - 2 : 3 *"' , 3 ' v - 2 : 3 o,, ) .. mg (3 * ... - 2 : 3 '''', ) · v - 2 : 3 *v l • me l I4: 6 . 1 : 31 
mq(3 . ... -2 : J ow. 3 ow - 2 : ) "w) .. mq (3 *w - 2 : 3 " w. 3 'w - 2 : ] "w l • mel(4 : 6 .4: 61 
"od 
\ 
% dPp l y structulCal D I'OP . d d mpi n g 1:0 1:he k md tri x a n d set qlow l 
% k matlCix to equdl d a mped matri x 
\ 
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1 ::3:,;;'-,la t~ : he bea~ e l eClen': lengths iI,-;;j beam a<'-gles i n t a d ians 
% ! ::or ,: :'\e damped beams 
!Cl[ ' - i onum"l _da.xp 
' 2 - ;c::Jord i r D , 2 i ' c ::Jord(I:':, 2) ) ' 21 : 
t (1 , i 1 ~a cos Iil bs IDYl l ) I /l 0 , i ) I' D *p i /2) : 
e n d; 
" Old: 
, 
% c alcul at e radius o f gyrat i o:1 
:Oor i - l :n1l'1e i dil mp 
rtl , i I - Sqrt: (I(iI/A (i)) ; 
end; 
kqd-kg; 
f o r u - l , numel da,1IP 
[kell - felement6 ( 1 (u l . W'l'D (u) I (u) , E (u ) ,A (u ) , r lui , 0 lui , S lu ) ) ; 
, 
v- dcon(u.l ) ; 
...... Jcc n(u . 2 ) ; 
, 
kqd (3 · v-2: J*v, ] *v - 2, J *v ) - I<gd( ]--v " 2, 3 * ,-" J *v - 2: } *v ) 
kgdO"v -2 :J*v,J*w - 2:3"",1 _ kgd(] * v - 2:J *v, 3 *w" 2: 3 * w) 
i<qd ( 3*w - 2:3 *w ,) "v -2 :J*v ) - kgdO ·w -2 : ] .w, ) *v -2: J *v ) 




% apply the boundary cond ie i ons 
% th" uSer lTTUSt: adj ust t_he global matrix t o mee: the bounda r y condi ti ons 
. 
1 to dele t e r o "'s 
kg(:. IBC] 1 - [ I ; 
kgd ( :, [BC il - II; 
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c:cg ( : ;acl.1 .. 
, 
\ ca: _ the function and cal ~'_:ate eigenvectors a:-.d t '"; " eigerN~~",~s 
\ ... hich are the mode !;n3peS ar.d undamped :latural fr equency In 
(rad/sec) ' 2 
, 
_ambda, ph ij _ :'.:-c des{kg , mg; ; 
• th is :-.~ '" c::n verts the eig l! nva tues to naL frequency in ~]d/:lecJ 
% hertzll/secl 
, 
o,"ega .. SQrt ( 13m.bda I : 
fre« - oml!ga/(Z - pi!; 
, 
% constuct th~ fr eque:1cy responsl! plot ovl!r chI" freQ\.:e".:::ies 
% of interest 
count - O; 
fs-size( f rec;.l ; 
nII1 ~ fs,: I ; 
% extract the mode shapes f-- - he coordinates of interest 
phi red- phi ici. : ) ; 
for Comeg3- .1: . 5:500 
% ge:1erate the di3g0nol freQUency m3tri x 
for i - l : nII1 
nomega (i )-1/ (omeg3 (i) -2 'Comeqa' 2) ; 
end ; 
% gener3te the HI.F matrix 
H_phired _diag (nomegal · phired ' ; 
, 
\ thiS determines the coordinate of intre!!t to plOt 
HH(countl - HU , 1) : % this ref ers t o (2,6 1 
end; 
% end the program clock and flops 
et ime(c l ock, tOI . flops 
Comega- . l : .5 : 500 ; 
Freq .. Comegal (2 ~pil ; 
plot(FreC;: , 20 ' \ogIHH)I , grid 
x label (' Frequency HZ ' ) 
ylabel ( , F'RF 3t coo rdina te of incerest dB ' I 
% end 
% This is the data for the finite element prog r3m 3nd the Unite 
% element program using moda l represent3t ion . 
, 
% the data ... ill be i n the form of 
% (EI youngs modulus psi 
(II a rea mome nt of inertia In "4 
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1'.-:'::; - 1. ;:;l J ~ 
b:J- O ; 
::::: n '" 1,2; 
·Y:on-[ l , 2 ; 
3, 4 , 
4,0; 
8,0, 
16,0 1 , 
" 'J'r. is 1s tt\e data f o r Ule finite e l e:ner.t program. 
, 
youn<;s rr.odu.lus psi 
% ( ","'I'D) we ig'lt (If'nsity lbf /ir.· 3 
! - ( AI cross sec t ional area in ' 2 
conduc ~ivity [ :~e node cc,mection mapping i 
- nod .. coorcir,a t es r caTt_ eS~iI.:J coo::-ds for each node in f t. I 
lhe :1".ain program wi l l c onverl ::0 
(tob 'i Slruct:ural pr<:JpoTtional dampLClg cor.stan t 
3G] * l e 6; 






dc;;;n- (, , 2 ; 
, 
coo rd-IO , D ; 
4 , 0 ; 
9 , 0 ; 
, 
BC- (7 8 9 1 ; 
, 
% Th i s is the dat a f o r t;-"e fi nite element l' t'ogr<l:n. 
, 
" ::he data IOi 11 be in t:h e form of 
% ( E ) your.<Js modulus pili 
% • il,-ea ITO menc. of inert ia i n "4 
(W'TI)) we ight densit y I b:!in') 
% • (AI cross sectional a rea in-;>' 
% conduc t ivi ty [ the noc!e connection mapDing 1 
_ node cllQrdiroates ( cart e s i an coo rds f er each nede i n ft. I 
the ma in crog r3'" wil l convert to in .. 
(bb) st ructura l proportional damping const ant 
E_ [3 0 30 ] -1 e6; 
I - l .0 208 3 . 02083) ;%l /1 2 bh " ) b=2 . 
A- [l 1 ] ; 
W'I""J-.[ .2 832 . 283 2 1; 
bb-O; 
con-[ L 2. ; 
2, 3 J; 
decn- [ 1 , 2 ; 
2 ,3 ] -
, 
8C~ [ 1 2. 3 ] ; 
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·~ TiLS 9L)gram synlhes , zes dYIdr"'C 
t mapp i ng to syr.th(!s 1 ze t wO st.ructLrC'i'l toge~ner . 
. 
-!; JOad da.ta c:inee l prwram f o :- eilch 
% 'The K and :-1 milt:-ix for struc r.u re is sac·ed 
::)ad "'''' ~3. mil ~ 
and C' i genvalues fo r each st r uc:.ure 
We nee d t o creat.e iI single PRj" matrix !:" e;:>resE:1t-ing-
bot.h suhstrucr.urC5 in t01e form, 
Ihee l - I 
I 
I 
h (C,C) I 
% 50 ·"" creil t e arrays conta;ning :.h e DOP numbers of eur or i ginal 
modeL3 whic!": cor~cspond t.:-w (he ·c· and · i · coordinates fer 
eacr. subsr. !"uc~u re. 
% call the syrthesi5 datil ~i l e \.n nolo' .... hich contains t"e 
% inte rna~ coordinates and co:mection coordir,a r.es fo:' 
% ; 1- internal co::>rds of sub 5t :Cllctu!"e ~ 
i oterna l coords of sub stLlCt.ure 2. 
% c~- conne<:::.ion coord;:; o f sub structure 1 
% <;2_ <::on:,ection C<.lo r ds of sub "tru<.:ttl r e 2 
% ci~ - coo:cdinate" of i 71tere" t o f sub st.ru<::tur e ~ 
% ci2- coordinates 01' interest of sub struc t u:ce J. 
-t "i ~ - redef lned lnternal coords of sub structure 1 
% nc l= redef ined connection coords of sub scructu r e 1 
%- ol2 - ,,-edefi n ed interna l coords of sub struccu!"e 2 
%- nc2 . redefined con.'1ectlOn coords of sub structure 2 
, 
FRF S"'11 t h datil9 
,- -
tG_C ~Qc l< ; 
flo;)" (0) : 
% ext_r act the rows of phl re l a(i:lg (0 the coordinates of int e r es t 
phired1 - vhi1 (Ci1 , 
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~~ u;':.t - count: · l ; 
Fo :"m Frequew,y Respons e Mode l s for E""n Substruc ~ur e 
1':'.0 ; 
~l-Ch i ~ed~ *oiag (nomega l) ·ph~red I ' 
fer i - . ,;:; 
nomw,,,; i 1 1 a l ! l omegil 2: i) . 2 -Corr.;,] ,,· 2 ) ; 
eoeJ ; 
h2 _p:,~ ::-ed 2 '::Il ag (n::;mega2) 'phired2' ; 
· 
a-slzel ill ; 
b _ si ze leil ; 
d_3i"e'c2 1 ; 
3a- a 12 , ; 
bb- b( 21 ; 
ce- c 121 ; 
dd- d ( 2 ' . 
Rememl:;er , we aCe t ry ing t o ca lcu late t he fo ll owing-
r. i e' _ tn e hie ' M • invl hoet I • M' • l".cc 
heer _ M' • hcc • M 
% So we ne ed to assemb l e !hic ] and (r.ce ] using t he 
% the coord i- nat e sets we j us t defined . 
Tr.ese mat t i ce5 cont ain t he F"RF data for- both subs rructuz:-es 
prior to cOt.: pl ing . i . f' ~he pre-synthesis rnf' da t.d. 
Coerdinat e Partit ion; ng 
% Bui. ld u p uncoup 1ed FRF matrix and sub -partitions: 
· 
hie ~ [hl !nil,nCl l 7.ero ,, {aa,dd:J; 
· 
[hl (nc l,nc ll zel'os: bb ,dd ) ; 
zerosldd,bb) :~2(nc2 , nc2 ) J : 
% We can now ~erform t he synthesis : 
hi cstar _ 'lic - hic • :"! • inv( r.ccr ) 
% look at t he coordinat e o f interest 
fiH (coc;.nc ) =r. i cscar I t . 31 ; 
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1'3 ~ re datil file : Qr thp. synthesis 
-", :ng data w i ~l te .. r'Jv iderl by 
sub stn.:.c ~ ure 1 
i:lt:e~na ! coo rds s u b structu!Ce 2 
c'Jn.'ec ~ i on coord s sub st ~uc tu:::"e 1 
coords sub st r'.lcture 2; 
1! Thp.se are t he cocrd i nates of in te:- es t and are not the 
" 'l'he conncc:-. io:l c oordi nJ,_es are comp Le t e. 
1! The i nter:la l Jre t r.e coardinatf's we wi.sh t o keep. 
1! 'This i s \Js ",d f o:::" definLng t he zeros pa:::" ~iti or. 
il = l21; 
cl~ [4 5 6 - ; 
U - ll; 
cl ~ [ l 2 J ]: 
% The coord i r.at_es of i nters r_ are inter:-tal and co:-mec t ion and the set. 
% is reuef inecl. This is ",sed to r defining the reduced p h i rnat:- i x 
C11 - [ 2 <. S 6 1 ; 
c ~ 2_ ~ 1 2 J I ; 
, 
% the fO l lowing is the map pir.g matrix 
~ lhe mapping ma tr i x LS not general and 
1! case spe c'-iic 
, 
M~ r eyel)) ; 
- l"eyel)) I; 
of the coordi nates kep t for eac:"J ;';t!Cuct u r e . 
% ':'hese reduced E matrices are icUxC:LI and Ici2xci2]. 'T he internal 
1! and connection POSi t ions of hl and are recefinE'd b y there positlo:l 
% in HI and H2 (examtJ Le i:lter r.a.l coord 2 is :lOW posi tion 1 ",nd 
.. c Cln."ec ~ion c c-orc!.inate 4 ~s >Jm'litioIl 2 etc ) 
, 






% the synt n esized stru::: t ·cl::-e . We are ~nt erested i.n plottir.g t he 
, 
% ;.0 ad data from tunning urllf~:J.eel ptogtam fo::- each sClbs truc'..; ~e. 
% x l ml is 5tored r.cre 
% :<2 m2 is st o red here 
ar.d eigenviilue5 f o r e<lch ~( r'.lcture 
we need t o c reat.e a si:lqle FRY "'atrix represe:1ti:1(; 
x~h 8ubstru:::t'.lres in Lhe form: 
h ee l = ( hii. c) j 
h (c,c) I 
% So we c!Ceate arrays containircg t he DO F :1wnhe::-!'; of our or~gi:1al 
iI; node l s ""hi::: h corres[,o"d tr.e ~he "c " and "i" coordinates f or 
each gl..lbstructure . 
% ca n t he !';ynthe!l;'s llata ti l e in no"" ""hich cO:J.ta i :1s the 
% i:1terna l coordina~e" and CUImect ion coordina t e" for each su..t 
% strClcture . 
% i 1= i "ternill ccY.::rds of sub gt t'uctur G l 
% i 2~ i :lte!CTI<ll coords of su:'l s tructure 2 
% Cl- conr.ec ticr. coord" o f gub [ltr-Jcture 1 
% c2- connect. I on coores of sub str"c ~ure 2 
% ci 1- coo::-dinat Gs ::J f I"t.er"'lt of sub str"l!cture 1 
'" ci2- coorllinil.t.es of i:ltere!l~ of "uh "t,uCture 2 
% nC1 M ::-edef ined i n te rna l coorc'.s of sub strclcture ( 
% nC l= redefined connection ccocds 0: sub Bt!"Ucture 1 
% ni2- redeflr.ecl i nt ernal coords of sub str-clcture 2 
% nc 2= redefi ned c onnection eoords of Bue stn.:cture 2 
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:,,,- !,, _Synth_da~a9 
% 
f i~pg 'C ; 
eount~O; 
~ ex ' .. :'·'-" rhe rO"'5 of phi :-e ~ at inq ~ c the c::c rdinates of ' ,,".eres ". 
: ); 
"" ,,,dO·,"", <C" : \ ; 
Form frE'quency Res .. onse MOde l s for Each Subs!: ruc turo 
for i 
nomeg a 1 ~: \ uj /Iomegali i \ '2 -Comega ' 2) ; 
end; 
:'11 = [,"., red l *diag Ino:ne'1al \ *phired l ' 
for i - ~ : & 
:1(; me'1,, 2 (i i _ L/ (otr,ega2 I~) ' 2 - CcmecP' 2 i ; 
h2=phi r cc!2 *di a'1 Inomega2) · ph~red2' 
% 
a - sizE'jil) ; 
b- si zelc ll ; 
c=sizel i2); 
d-size i c2 ) ; 
, 
aa=a 12 ) ; 
ce- e(2) ; 
dd~d(2) ; 
, 
So we need to assemb l e (hec ] using t he 
the coordinate sets .... e just dE'fined . 
These matIC ices contain the FRF data for both substructuICe s 
prior to <::"ou"li.n'1, i.e the pICe - synthes i s FRF datil. 
CooICd:'nate pa r t:' t ioni.n'1 
ild u p uncoup l. ed FRF matri x and sub -part:'tions, 
r.ce - r L~(nC l , nc1) zeICos(bb,dd l ; 
zeros(dd.bb) h2 (nc2 , ne2\ I ; 
% 'i/e c an no .... perform the s ynthesi s: 
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".ec:c_Yf' • <"le e ' M; 
% dete:c;-ine t he nat freq of the synthe!l ' led srn.:ctCl:"e 
dhee:c-det (hccr) ; 
d :: l c a un t ) -dhccr ; 
end; 
etime I cloc!< , t OI , flops 
2o,nega~ . 1 , i , ~ OO ; 
Fr-eq-Ca~ e{p ! !2 * p l. ; 
a.x is ( ~O 90 - leo 12 ie 12 j ) 
x label ( ' f'r equency Hz . I 
y l abe l ( ' Determinent o f Hcc reduced ' ) 
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,\PPEl\DIX I (~ EN ER-\.L ~IATLAn FU'JCTlU\'S 
" e l emenL a ngle 
, 
cil, i. 
Si l , L:' " O: 
cg it,l1uC1e l l 
else i f ell. ii <1.~ 8 & t i ' , i »1. % 
: 1-1; 
elseif t (1. ii >3.11 " t ( 1 
~ . 1; 
e ls e i t t ', , i \ > 4 . 6~ "-
C 11, iJ - 0 ; 
sll,i: - 1 ; 
c i 1, i) - cos it 11, i) I; 
- f olcmcnt6i l ,WTD,r , E,A,r,C, S) 
tl:o elementa ~ mass and '!; Thes funct i on is 
'!; stif f ness ma. t ::i ",. 
'!; a rea Inomf'nt of 
is element 1en>llll, weiQLt density , 
wi th respect LO hc r ;7onta l x 
Counter c l ock is posi ti ve angle a.nd clock is negative ~ angle. 
mel ( 1,1) - 140 " c ' 2 + 156 " 5"2; 
- - 1 6"c " "'; 
- ·22 " 1 · s ; 
- H i* c " s; 
- l]* l * H; 
- mel (l , 2); 
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melI2,2) .. 140 ' S' 2 • 
melI2 . ]) - 22 ' l ' c ; 
mell2,4) - 16 ' c ' s ; 
mell2,5) .. 70 ' 5 ' 2 • 54 ' C'2 ; 
mel(2 , 6) - - D ' l - c , 
melD,ll .. me:ll . )I ; 
meIIJ.2) .. :nel(2 , ) ; 
mel(3 . J J .. 4 ' 1' 2 ; 
me~ 13 , 4 ) .. - 13 - 1 - 5 ; 
meI13 , S) .. IJ - l " c ; 
me : 1l,6) _ -] - 1'2 ; 
me lI 4 . 11 - melll .4 1 ; 
mell4,2J .. melI2 .4 ) ; 
mel(4 , J) .. mel l3 .4 1 ; 
melI4.4) .. melll , l) ; 
melI 4. S) - ""elI2 . 11 ; 
mell4 . 6J .. 22 " 1 ' s; 
mellS . ll _ melll.S ) ; 
me l( 5 , 2) .. mel(2 , S) ; 
me 1l5 , J) .. mel D,51 ; 
meL(S ,4 ) - ""e lI4 , 51 ; 
mellS,51 .. me1l2 . 21 ; 
mel!S,6) _ - 22 "l ' c , 
mell6 , ll .. melO , 6 1 ; 
mel(6 ,2 ) .. me 1l2 , 6) ; 
mel(6 , J) - r1el(3 , 6) ; 
me1l6 ,4 1 .. mel(4 , 6) ; 
me l l6 , S) .. meL(S , 6) ; 
r1elI6 , 6) .. me lD , ) ; 
, 
, now c al cu l a t e 9amma . 
, g a mma i s ma s s den s i t y per unit length and grav i s the 
, g ravi t a tiona l con s t an t i n i n/sec ' 2, 
, 
g a mma .. W'I'D "A/g r a v ; 
, 
, no", a pp l y t h e mass cons t an t to the elem<:>nt al ma tri x 
, 
me l .. mel " (gamma * 1 / 4 2 01 ; 
, 
, now make t h e element stiff ness matrix 
, 
k e l (1 , 1) - (1/ r ) ' 2 "'c" 2 • 
kel n ,2 ) - (1/ ..- ) ' 2 "' c *s -
k el ( 1.3 ) .. - 6 * 1"'8; 
k e l (l .4 ) .. - O /r ) ' 2 ' c ' 2 -
k e l(I,S) .. -1l/r ) ' 2 *c ' s • 12 *c ' s ; 
kel( l, 61" - 6 *1"'5 ; 
k e l ( 2, LI .. k e l ( 1.21 ; 
k el (2 , 2 ) .. Il / r) ' 2 " 8 ' 2 • 12 *c ' 2 ; 
k el(2 , J) .. 6 * l *c ; 
_ ~w l' ~; 
"lWs; 
natural freq.:encies and 
L-:lOel " slla""s. Tic"" .. " iU .. th" "i,wnvaiucs ar.d 
~ ee i c1er.vec=ors 
, 
1.o.L"lxl" (~. i : - onq" ( i i ; 
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~ u ne t Lon [phi noIC m. o rtr_1 ~t g1l'aggnc~ :n ph i . Til S S 
, 
~ ma s s nQTm" Liz es t he e ig env ec r_c r s 
, 
a - s i zel ;.Jhi ) ; 
(r.o d a l mafl,, 1 li l-;ohi I • i U ' "mas s " ph i ( :, i i J ; 
: ~ [OC)dalma ss -:i il -- =i\ 
lJ ~l i "orml : 
""d ; 
e ncl; 
• L i i - l lI sqrt (mo dalm""" i i ii ) I · phi ( , iii; 
o ::- thogd n a li ty 
ort h-phiClor m' *J'.ds s * phi n o r m" l DO ; 
t "'rlc t j o n [ kdsp rg ] -fsprngdouITp (k , Come ga , B ) ; 
, 
% 'rho s t:..!nctio :l "'ill qenerat e a SI;t-ing and darrpe r s y s t em k 
' 6 x 6 ] "'h i e h c Gr r e l ates '", i r h the 3 dof o f 
% t h e b ea m e l emel ,t kx , 
% Re membe r t hat f or a 
k l t !", e t a ;· , ex , c y, tl t he~a ) 
Qf s t if f n e ss :~ ami a da:npe r 
l oo ks 1 eke 
j O Gk 
kx + j O Bk ] . 
<.J f ll:;s!ir. 
_ k + j * Comega * B * k; 
~ - 10 - j '-co mega · s*k; 
- k + j * Cc mega. " B*k; 
- - k - j*Comeg3 * B*k ; 
- k + j * Come ga * E*k; 
_ -k . j * c o mega " B * k; 
- j *Comega * B* k ; 
- k • j *Comega* e ~ l<:.; 
- - I<:. - j *Ccmeg(l*B*k ; 
~ ;., ~ j * Come<;j'3 *E*k ; 
- - k - j *Ccmeqa*B*k ; 
_ k • j *Comeg(l ° ,, *l<; 
fun cc i on ! kdsprq ] - fsp r n g dampC Ik, c o meqa, q l ; 
, 
t This func t ion wil l gener3t e " spring and damper " y stem k 
t ;r.atrix o f s i ze [6 x ~ ] w;,ich correlates wi~h the 3 do f of 
t t h e team e l emen: kx , ky , k ( t hetal, ex, cy , clt h eta ). 
t li.cmember that f or a s p ring c f s t i ffness k and a da mp e r w~ th 
% damp i ng ICo eO _q{} ) , the matrLx look s l ik e 
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[ kx + ; O C( O > 
JOe O J 
kdsprg - zeros (6)' 
kdsprgl5,2 ) - - :~ 
kcisprg '5, 51 
,~6sp~,,16.3) ~ - . 
j Oe 'O) 
j Oe,O , : 
t ' lncr::i O::1 [Trmiitr Lx i ~ftrar.s (", S. 08"ml 
, 
I!; u sed ir. ~he fiIli~e elf'menr pc-ogram 
, 
'l'"matr' iX-2c~Os!6 , 6j ; 
Trmiltrix (1, 1 1 ~c I becHn) ; 
':' :C :T'ii trix Ii, 2) = 5 (beam) ; 
'1';"mat rix {2 , lI - -s(be aml; 
T::"ma:rix(1,21-<;ibealn) ; 
T!."",.a:rix!~,~)_,,!.bp.ilm) ; 
Trm"t y ;x(6 . 6i= l ; 
fun"t L:m [TrmatlCix : =frf~ra::1s iee e. 55) 
, 
j, This fUClction g ene::ates t he transfor'l1ation ['lilcrix 
% used in tne synt_hesis \.Jrogrilm 
, 
T:::mil:rix=zero s(6,6) ; 
Tr~iJ.t;rix I I, ) )-ccc; 
Trmatr; x 13,3) _ I ; 
T,rT'dtr' ix (4., 4 ) - ccc; 
T~miltrix I 'j, '01 _,,» ; 
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T nr.atxix ( 5, ~ J.,. - ss; 
Trma crix (S,S - ccc; 
7~matrix (6 ,6 ) "'l : 
179 
LIST OF REFERE:'\CES 
1. Gordi~. J,H .. Bielawa. R.L.. Flannelly. W.O .. "A General Theory Tor 
Domain Stmcmral Synthesis," JOU!7Ull o(Sound ami Vihration, Vol. 150 No. DD. 
139- 158.1 9H9. 
2 Gordis. J. H .. Flanndly. W.G. Analysis olSrress Due to Fas fener Tolerance In 
Assembled ComponpnlI. Proceedings of the 34th AIAA/ASMEJASCEJAHSIACS 
StnJctures, Structural Dynamics. and Materials Conference. La Jolla. CA .. 199.1 
3 Gordis, 1. H. Strucruraf SymheIiI in the Frequency Domain: A General 
Formulation. To appear, Proceedings of the 12th lntemational Modal Analysis 
Conference. Honolulu, HI.. 1993. 
4. James. M.L., Smith, C.M .. Wolford.J.C" Whaley. P.W., Vihration of Mechanical 
and SlruclUral Sy.I/ems, Harper and Row, Publishers, Inc .. New York, NY. Dr. 
4H2-572, 1989. 
180 
IN ITI AL Hl STRIB UTION U ST 
I. Defense Technical lnfonnation Center 
Cameron Station 
Alexandria. Virginia 22.304-6145 
2 . Library. Code 52 
Naval Postgraduate School 
Monterey. California 93943-5002 
3. Professor J. H. Gordis. Code MElGo 
Depanment of Mechanical Engineering 
Naval Postgraduate School 
Monterey. California 9394] 
4 Professor A. Healey. Code ME/He 
Depanment of Mechanical Engineering 
Naval Postgraduate School 
Monterey. California 9394 3 
5. Department Chairman. Code ME 
Depanment of Mechanical Engineering 
Naval Postgraduate School 
Monterey, California 93943 
6. Naval Engineering Curricular Office (Code 34) 
Naval Postgraduate. School 
Monterey, Califom1ll93943 
7. LT. Ronald E. Cook 
1090 Derby Street 




i") ;JOi.Ei KNOX UBRARY 
';':.;,IfAL POSTGRADUATE SCHOOl 
MONr eREY CA 93943-51 01 

